COMMUTATIVE QUOTIENTS OF FINITE W^-ALGEBRAS 



ALEXANDER PREMET 

Abstract. Let e be a nilpotent element in a Chevalley form of a simple Lie 
algebra q over C and let e = e (E> I he the corresponding nilpotent element in the 
restricted Lie algebra gk = k, where k is the algebraic closure of Fp. Assume 
that p ^ and set x ■= '^(e, where n is the KiUing form of gik. Let Gk be 
the simple, simply connected algebraic k-group with gk = Lie(Gk), write Ok for the 
adjoint Gk-orbit of e, and denote by U{Q,e) the finite W^-algebra associated to e. 
In this paper we prove that if U{q, e) has a 1-dimensional representation, then the 
reduced enveloping algebra U^{q^) possesses a simple module of dimension p'^^^\ 
where d{e) is the half-dimension of Ot. We also show that if e is induced from a 
nilpotent element cq in a Levi subalgebra I of g and the finite VF-algebra J7([[, [],eo) 
admits 1-dimensional representations, then so does U{q, e). This reduces the prob- 
lem of 1-dimensional representations for finite VF-algebras to the case where e is a 
rigid nilpotent element in a Lie algebra of type F4, Eg, E7, Eg. We use Katsylo's 
results on sections of sheets to determine, in many cases, the Krull dimension of the 
largest commutative quotient of the algebra f7(g, e) 



1. Introduction 

1.1. This paper is a continuation of [34]. Let U{q) denote the universal enveloping 
algebra of a finite-dimensional simple Lie algebra g over C. Roughly speaking, the 
main result of [34] states that the primitive ideals of U{q) having rational infinitesimal 
characters admit finite generalised Gelfand-Graev models. One of the goals of this 
paper is to remove the unnecessary rationality assumption from the statement of [34, 
Thm. 1.1] and thus confirm [33, Conjecture 3.2] in full generality; see Theorem 4.2. 
This was announced in [34, p. 745], and very few changes to the original proof in [34] 
are actually required. 

In the meantime two different proofs of [33, Conjecture 3.2] have appeared in the 
literature; the first one was found by Losev in [24] and the second one by Ginzburg 
in [16]. Our proof relies on the method developed in [34], the only difference being 
that in the present case our base ring is a finitely generated Z-subalgebra of C rather 
than Q. In this setting, we have to produce sufficiently many primes p for which the 
reduction procedure described in [34] leads to irreducible representations of the p-Lie 
algebra Qi ®z with ]9-characters belonging to the modular counterpart of our initial 
nilpotent orbit; see Section 4. 

1.2. Denote by G a simple, simply connected algebraic group over C, let {e,h,f) 
be an s[2-triple in the Lie algebra g = Lie(G), and denote by ( ■ , ■ ) the G-invariant 
bilinear form on g for which (e, /) = 1. Let x ^ 0* by such that x(^) = (C;^) for 
all X G g and write t/(g, e) for the quantisation of the Slodowy slice e -|- Kerad / 
to the adjoint orbit := (AdG')e. Recall that f/(g, e) = Endg (Q;^)"^, where 
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is the generalised Gelfand-Graev g-module associated with the triple {e,h,f). The 
module is induced from a 1-dimcnsional module over of a nilpotcnt subalgebra 
m of g whose dimension equals ^ dim 0. The Lie subalgebra m is (ad /i)-stable, all 
eigenvalues of ad/i on m are negative, and x vanishes on [m, m]. The action of m 
on = Cl^ is given by = for all x e m; see [31, 13] for more detail. 

The algebra U{q, e) shares many remarkable features with the universal enveloping 
algebra U{q) and is often referred to as the enveloping algebra of the Slodowy slice 
to 0. As an example, U{g,e) is a deformation of the universal enveloping algebra 
U{^^), where is the stabiliser of x Si see [33]. It is also known that C/(g,e) is 
isomorphic to the Zhu algebra of the vertex 1^-algebra W^{g, e). The Zhu algebra 
of W^{q, e) is, in turn, isomorphic to the finite VF-algebra e) associated with 

and e; see [9] and [10]. 

1.3. In [33], the author conjectured that every algebra U{q, e) admits a 1-dimensional 
representation; see [33, Conjecture 3.1(1)]. In [24], Losev proved this conjecture for g 
classical. In this paper, we take another step towards proving [33, Conjecture 3.1(1)]. 
Recall that is said to be induced from a nilpotent orbit Oq in a Levi subalgebra ( of 
0, if intersects densely with the Zariski closed set Oq + where n is the nilradical 
of a parabolic subalgebra of Q with Levi component i. If is not induced, then one 
says that is a rigid orbit. 

Theorem 1.1. Suppose the orbit is induced from a nilpotent orbit Oq in o proper 
Levi subalgebra I of q, and let cq e Oq. // the finite W -algebra U{[1, l],eo) admits a 
1-dimensional representation, then so does U{g,e). 

Theorem 1.1 is proved in Section 3. Combined with [24, Thm. 1.2.3(1)] it reduces 
proving [33, Conjecture 3.1(1)] to the case of rigid nilpotent orbits in exceptional 
Lie algebras. We say that g is well-behaved if for any proper Levi subalgebra I 
of g and any nilpotcnt clement eg G I the finite 1^-algebra f/([[, [],eo) admits a 1- 
dimcnsional representation. In view of [24, Thm. 1.2.3(1)] the Lie algebras of types 
A^, B^, Ce, Di, G2, F4, Ee are well-behaved. 

Given an associative algebra A we denote by A^*^ the factor- algebra A/A • [A, A], 
where A ■ [A, A] is the ideal of A generated by all commutators [a, b] with a, 6 G A. 
Clearly, A'^^ is the largest commutative quotient of A. Since U (g, e) is Noetherian, by 
[31, 4.6], so is the commutative C-algebra U{g,e)^^. By Hilbert's NuUstellensatz, the 
maximal spectrum £ := Specm ?7(0, e)^^ parametrises the 1-dimensional representa- 
tions of U (g, e). Our main goal in Section 3 is to determine the KruU dimension of the 
algebra f/(g, e)^^ under the assumption that g is well-behaved. In proving the main 
results of Section 3 we shall rely on Borho's classification of sheets in semisimple Lie 
algebras and Katsylo's results on sections of sheets. 

Given x G g we denote by Gx the centrahser of x in G. For d G N, set g^*^) : = 
{x G g I dim Gx = d}. The irreducible components of the quasi- affine variety g*-*^) 
are called sheets of g. The sheets are (Ad G')-stable, locally closed subsets of g. It is 
well-known that every sheet contains a unique nilpotent orbit and there is a bijection 
between the sheets of g and the G-conjugacy classes of pairs (1, Oq), where [ is a Levi 
subalgebra of g and Oq is a rigid nilpotent orbit in [1, []. 

If [ if a Levi subalgebra of g, then the centre 3([) of [ is a toral subalgebra of g. 

Denote by 3(l)reg the set of all z G ^(t) for which ad z acts invertibly q/1 Given a 
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nilpotent element Cq G [I, I] define !D((, eo) := (AdG) • (eo + 3(0reg), a locally closed 
subset of Q, and call D{l,eo) a decomposition class of g. By [1], every sheet § of g 
contains a unique open decomposition class. Moreover, if !D([, eo) is such a class, then 
Oo := (AdL) • Co is rigid in [[, [] and the (AdG)-orbit induced from Oq is contained 
in S (here L is the Levi subgroup of G with Lie(L) = [). 

The group C(e) :~ GeHCf is reductive and its finite quotient r(e) := C(e)/C(e)° 
identifies with the component group of Gg. If §(e) is a sheet containing e, then 
the set X := §(e) n (e + Kerad/) is C(e)-stable and Zariski closed in g. By [21], 
the identity component C(e)° acts trivially on X and the component group r(e) 
permutes transitively the irreducible components of X. Furthermore, if !D([, cq) is 
the open decomposition class of S(e) and Y is any irreducible component of X, then 
dim Y = dim ^(Q. 

For an algebraic variety Z, we denote by Comp(Z) the set of all irreducible com- 
ponents of Z. Our main result in Section 3 is the following: 

Theorem 1.2. Suppose g is well-behaved and is not rigid. Let Si,...,Si be the 
pairwise distinct sheets of g containing e e 0. Let D{li, Ci) he the open decomposition 
class of Sj and = Sj fl (e + Ker ad /) . Then there is a surjection 

t: Comp(£) Comp(Xi) U . . . U Comp(Xt) 

such that dim ^ = dim 3(1,) for every e T~^(Comp(Xj)), where 1 < i <t. 

It follows from Theorem 1.2 that if g is well-behaved and is not rigid, then 

dim U{g,e)'^^ = max dim ^{k). 

l<i<t 

We also show in Section 3 that if is rigid and e G 0, then £ is a finite set (possibly 
empty). In this case we do not require g to be well-behaved. 

For g = gl(A^), we obtain a much stronger result. Recall that to any partition 
A = (pn > Pn-i > ■ ■ ■ > Pi) oi N there corresponds a nilpotent element ex e qI{N) of 
Jordan type {pi,P2, ■ ■ ■ ,Pn), and any nilpotent element in g((A^) is conjugate to one 
of the e^'s. At the end of Section 3 we show that 

UiQi{N),exr'' = C[X^,...,Xi], l^pn. 

In proving this isomorphism we use Theorem 1.2 and the explicit presentation of finite 
H^-algebras of type A found by Brundan-Kleshchev in [7]. 

1.4. Our proof of Theorems 1.1 and 1.2 relies on characteristic p methods developed 
in [34]. We have to generalise several technical results proved in [34]; see Section 2. 
The algebra U{g. e) is defined over a suitable localisation A = Zld'-^] of Z. More 
precisely, there exists an A-subalgebra t/(gA,e) of ?7(g,e) free as an A-module and 
such that U{g,e) = U{qa: e) (8) a C. We take a sufficiently large prime p invertible in 
A, denote by k the algebraic closure of Fp, and set [/(gt, e) = U{gA, e) ®a k. Here 
0k = Qz ®z k, where gz is a Chevalley Z-form of g containing e. We identify e with its 
image in gk and regard x = (e, • ) as a linear function on gk (this is possible because 
the bilinear form ( ■ , ■ ) is A- valued) . 

The subalgebra m from (1.2) is defined over A and we set mij := vcia ®a k, where 
= m n g^ (it can be assumed that vcia is a free A-module). By construction, the 
Lie algebra rrik possesses a 1-dimensional module on which it acts via x; we call it k^. 
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We then consider the induced 0k-module Qx,k '■— U{Qt} '^u{mt) H^x' denote by the 
corresponding representation of U {q^} , and define 

It is easy to see that e) is a subalgebra of C/(0k, e). Let Zp = Zp{Q^) denote the 
p-centre of C/(0k) (it is generated by all — x^^ with x e 0k, where x i— > x^^ is the 
p-th power map of the restricted Lie algebra 0^). Clearly, pk{Zp) C U{Qi^,e). Given 
a subspace V of 0^ we write Zp{V) for the subalgebra of Zp generated by all — v^'^ 
with V & V. In Section 2 wc prove: 

Theorem 1.3. The algebra f/(0k,e) is generated by U{gt,e) and pk(Zp); moreover, 
f/(0ik,e) is a free p^{Zp)-module of rank p^' , where r = dimGe- There is a subspace 
of Qk with dim ttk = | dim such that f/(0k, e) = ^7(0k, e) ®k -^p(cik) ds k-algebras. 

Let be a simple, simply connected algebraic k-group with Lie(Gk) = 0k. Recall 
that for C £ 0k the reduced enveloping algebra U^{gk) is defined as the quotient of U (0k) 
by its ideal generated by all x'^ — x^^ — i{xY with x e 0^. One of the challenging 
open problems in the representation theory of 0k is to show that for every ^ G 0^ 
the reduced enveloping algebra f/^(0ik) has a simple module of dimension o(^))/2^ 
where O(^) = (Ad* Gk)^. As a consequence of Theorem 1.3 we obtain: 

Theorem 1.4. // the finite W -algebra U{Q,e) admits a 1-dimensional representa- 
tion, then for p ^ the reduced enveloping algebra U^idk) has a simple module of 
dimension o(x))/2_ 

Together with Theorem 1.1 and [24, Thm. 1.2.3(1)] this yields: 

Corollary 1.1. If g is classical andp ^ 0, then for any ^ G 0^ the reduced enveloping 
algebra U^{Qt) has a simple module of dimension o(0)/2_ 

It also follows from Theorems 1.1 and 1.4 that if is induced from Oq C t and the 
finite ly-algebra U{[1, 1], Cq) with cq G Oq has a 1-dimensional representation, then for 
p » the reduced enveloping algebra U^idk) has a module of dimension p^*^'"^ o(x))/2 

Acknowledgement. Part of this work was done during my stay at the Max Planck 
Institut fiir Mathematik (Bonn) in the spring of 2007. I would like to thank the insti- 
tute for worm hospitality and support. The results presented here were announced in 
my talks at the MSRI workshop on Lie Theory (March 2008) and at the conference 
in celebration of the 65th birthday of Victor Kac (Cortona, Italy, June 2008). 

2. Finite 1^-algebras and their modular analogues 

2.1. Let G be a simple, simply connected algebraic group over C, and = Lie(G). 
Let 1^ be a Cartan subalgebra of and $ the root system of relative to f). Choose 
a basis of simple roots 11 = {ai, . . . , a^} in $, let <I>^ be the corresponding positive 
system in $, and put $~ := Let = n~©t)©n"'" be the corresponding triangular 

decomposition of and choose a Chevalley basis !B = {e^ | 7 G $} U {ha | a G 11} in 
0. Set := {ca I a G i'l*"'"}. Let Qz and Uz denote the Chevalley Z-form of and 
the Kostant Z-form of U{g) associated with !B. Given a Z-module V and a Z-algebra 
A, we write Va '■= V ®z A. 
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Take a nonzero nilpotent element e & Qz and choose f,h & such that (e, h, f) 
is an sl2-triplc in Qq. Denote by ( ■ , ■ ) a scalar multiple of the Killing form k, of q 
for which (e, /) = 1 and define X G 0* by setting x{^) = i^^^) foi' all a; G (it 
follows from the sl2-theory that K,{e, f) is a positive integer). Given x E Q we set 
0{x) := (AdG) and d{x) := |dimO(a;). 

Definition 2.1. We call a commutative ring A admissible if A is a finitely generated 
Z-subalgebra of C, ^(e,/) e A'^ , and all bad primes of the root system of G and 
the determinant of the Gram matrix of ( • , • ) relative to a Chevalley basis of Q are 
invertible in A. 

It is clear from the definition that every admissible ring is a Noetherian domain. 
Given a finitely generated Z-subalgebra A of C we denote by 7t{A) the set of all primes 
p e N such that = ¥p for some maximal ideal ^ of A. 

Let Q{i) = {x E q \ [h,x] = ix}. Then q = 5[2-theory, and 

all subspaces g{i) are defined over Q. Also, e e ^(2) and / e 0(— 2). We define a 
skew-symmetric bilinear form ( ■ , ■ ) on 0(— 1) by setting {x,y) := {e,[x,y]) for all 
x,y E g{—2). This skew-symmetric bilinear form is nondegenerate, hence there exists 
a basis B = {z[, . . . , z'^, Zi, . . . , Zg} of g(— 1) contained in Qq and such that 

{z[, Zj) = 6ij, {zi, Zj) = {z'i, z'j) = {l<i,j < s). 

As explained in [34, 4.1], after enlarging A if need be, one can assume that Qa = 
©iez that each gA{i) '■= Qa H Q{i) is a freely generated over A by a basis of 

the vector space and that S is a free basis of the yl-module 1). 

Put m := 0(— 1)° © Z]i<-2 S(0 where 0(— 1)° denotes the C-span of z[,...,Zg. 
Then m is a nilpotent Lie subalgebra of dimension d{e) in q and x vanishes on the 
derived subalgebra of m; see [31] for more detail. It follows from our assumptions on 
A that = H m is a free A-module and a direct summand of Qa- More precisely, 
rtiA = 0a(-1)° © Ei<-2 9A{i), where Sa(-1)° = 0a n 0(-l) = Az[®---® Az'^. 

Enlarging A further we may assume that e, f E Qa and that [e, 0a(O] and [/, 0a(O] 
are direct summands of 0yi(i+2) and 0^(^—2), respectively. Then 0^(^+2) = [e, 0a(O] 
for aU i > 0; see [34, 4.1]. 

Write 0e for the centraliser of e in 0. Similar to [31, 4.2 and 4.3] we choose a basis 
Xi, . . . , Xr, Xr+i, . . . ,Xm oi the free ^-module :— 0j>Q 0a (^) such that 

(a) Xi e 0A(^i) for some rij e Z+; 

(b) xi, . . . ,Xr is a. free basis of the A-module 0a H 0e; 

(c) Xr+l, ...,XmE [/,0a]- 

2.2. Let be the generahsed Gelfand-Graev 0-module associated to e. Recall that 
= f^(0) ©[/(m) C;^, where = Cl^^ is a 1-dimensional m-module such that x • 1^ = 

x(,t)1^ for all x E m. Given (a, b) E Z™ x Z^ we let x'^z^ denote the monomial 
■ --x^^z^^ ■ ■■z''/ in U{q). Set Q^,a := f/(0A) ©c/(m^) ^x. where = Al^. Note 

that Qx.A is a 0A-stable A- lattice in with {x^z^ © Ix' I j) ^ ^+ ^ ^+} ^ ^^^^ 

basis; see [34] for more detail. Given (a, b) E x we set 

|(a,b)|e := ^ ai(ni + 2) + J] 6i. 

i=i i=i 
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According to [31, Thm. 4.6], the algebra U{Q,e) :— (Endg Qx)°^ is generated over C 
by endomorphisms ©i, . . . , such that 

(1) Qkilx) = {^k+ Yl ^ti ^'^') ® 1 < A; < r, 

0<|(iJ)|e<nfc+2 

where ^ e Q and X^^ = if either |(i, j)|e = rife + 2 and |i| + |j| = 1 or i 7^ 0, j = 0, 
and i; = for Z > r. Moreover, the monomials ©^^ • • • ©^'^ with (ii, . . . , e form 
a PBW basis of the vector space U{g, e). 

The monomial 0*^^ ■■■©*'■ is said to have Kazhdan degree X]i=i ^il'^j + 2)- For 
k G Z+ we let U{Q,e)k denote the C-span of all monomials ©^^ • • •©*'' of Kazhdan 
degree < k. The union lJfc>o ^(fl)^)^ is an increasing algebra filtration of C/(£(,e), 
called the Kazhdan filtration-^ see [31]. The corresponding graded algebra grf/(0,e) 
is a polynomial algebra in gr0i, . . . ,gr0r. It is immediate from [31, Thm. 4.6] that 
there exist polynomials Fij G Q[Xi, . . . , X^], where 1 < i < j < t, such that 

(2) [0„0,] = F,,(0i,...,©,) (l<^<J<r). 
Moreover, if [xj, Xj] — Y^]^=i '^ij in Qe, then 

r 

Fij{Qi,...,Qr) = ^ttjj-0fc + %(0i,---,0r) (niod;7(g,e)„,+„.), 

k=l 

where the initial form of qij G Q[Xi, . . . , Xr] has total degree > 2 whenever qij ^ 0. 
By [34, Lemma 4.1], the algebra C^(0,e) is generated by ©i,...,©^ subject to the 
relations (2). As in [34], we assume that our admissible ring A contains all Afj in (1) 
and all coefficients of the -Fij's in (2). 

2.3. Let A^^ denote the ideal of codimension one in f/(m) generated by all x — x(a^) 
with a; G m. Then = U{q)Nx as g-modules. By construction, the left ideal := 
U{q)N^ of U{g) is a ([/(g), ;7(m))-bimodule. The fixed point space {U{Q)/3xf'^'^ 
carries a natural algebra structure given by {x + J^) " in + ^x) — + ^iV ^ 

[/(g). Moreover, [/(g)/?^ = as g- modules via the g- module map sending i + 3x 
to 1^, and {U{g)/'JxT'^^ — U{Q,e) as algebras. Any element of f/(g,e) is imiquely 
determined by its effect on the generator 1^ G and the canonical isomorphism 
between {U{q)/Jx)^'^ and f/(g, e) is given hju^ u{lx) for all u G ([/(g)/?^)^'^'". It 
is clear that this isomorphism is defined over A. In what follows we shall identify 
with U{q)Px and f/(g,e) with {U{g)PxT'^'^- 

Let f/(g) = Ujez ^j^id) be the Kazhdan filtration of f/(g); see [13, 4.2]. Recall 
that KjU (g) is the C-span of all products Xi - ■ -Xt with Xi G g(ni) and Yll=i (^i+2) < j 
(the identity element is in KoU{q) by convention). The Kazhdan filtration on is 
defined by K^Q^ := 7r(KjC/(g)), where tt: C/(g) -» U{g)/3x is the canonical homomor- 
phism; see [13, 4.3]. It turns into a filtered f/(g)-module. As explained in [13] the 
Kazhdan grading of grQx has no negative components. The Kazhdan filtration of 
[/(g, e) defined in (2.2) is nothing but the filtration of [/(g, e) = (f/(g)/!J;^)^'^™ induced 
from the Kazhdan filtration of through the embedding (f/(g)/J^)'^'^'" ^ Q^; see 
[13] for more detail. 

Let U{gA, e) denote the A-span of all monomials ©*^^ ■ ■ ■ ©*"■ with (ii, . . . , v) G Z*^. 
Our assumptions on A guarantee that U {qa, e) is an 74-subalgebra of [/(g, e) contained 
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in (Endg^ It is immediate from the above discussion that Qx,a identifies 

with the g^-module U{qa) lU{QA)Ny^^A^ where iV^,A stands for the A-subalgcbra of 
U{vc\.a) generated by all x — x{x) with x G v^a- Hence U{qa^g) embeds into the A- 
algebra {U{qa) /U{qa)N)^_a)^'^^ ■ Since Qx.a is a free A-module with basis {x^z^ ® 
Ix' I j) ^ ^+ ^ ^+}; 6^^y induction on Kazhdan degree (based on [31, Lemma 4.5] 
and the formula displayed in [31, p. 27]) shows that 

(3) U{QA.e) = (End,,g^,^)°P - ([/(s^)/f/(0^)iV,,^)^'^ 

Repeating verbatim Skryabin's argument in [31, p. 53] one also observes that Qx,a is 
free as a right U{qa, e)-module. 

2.4. We now pick p e 7r(A) and denote by Ik the algebraic closure of ¥p. Since the 
form ( ■ , • ) is A- valued on Qa, it induces a symmetric bilinear form on the Lie algebra 
Qtj^ = (g)^ k. We use the same symbol to denote this bilinear form on g^. Let 

be the simple, simply connected algebraic k-group with hyperalgebra = Uz ®z k. 
Note that gt = Lie(Gk) and the form ( • , • ) is (Ad Gk)-invariant and nondegenerate. 
For a; G g^ we set a; := a; (8) 1, an element of g^. To ease notation we identify e, / with 
the nilpotent elements e, / G 0^ and x with the linear function (e, • ) on g^ (this will 
cause no confusion). 

The Lie algebra g^ = Lie(Gk) carries a natural [p]-mapping x i— > x^^ equivariant 
under the adjoint action of G^- For every a; G 0k the element x'^ — x^^ of the universal 
enveloping algebra f/(gk). The subalgebra of U{Qk) generated by all x^ — x^^' G f/(0k) 
is called the p-centre of U (gt) and denoted Zp{Qt) or Zp for short. It is immediate from 
the PBW theorem that Zp is isomorphic to a polynomial algebra in dimg variables 
and [/(0k) is a free Z^-module of rank p*^'™ ^. For every maximal ideal J of Zp there 
is a unique linear function rj — r]j & gl^ such that 

J= l^xP - x^'^ - r]{xYl I a; G gt). 

Since the Frobenius map of k is bijective, this enables us to identify the maximal 
spectrum Specm Zp with g^. 

Given ^ G gj^ we denote by the two-sided ideal of U (g^) generated by all x'^ — 
x^^ — ^{x)Pl with X G gk, and set C/^(0k) := U(gk)/I(- The algebra U^{gk) is called 
the reduced enveloping algebra of gk associated to ^. The preceding remarks imply 
that dimk U^idt) = p^""^^ and H Zp = J^, the maximal ideal of Zp associated with 
^. Every irreducible gk- module is a module over U^{Qk) for a unique ^ = ^ 0k- 
The linear function is called the p-character of V; see [30] for more detail. By 
[30], any irreducible ?7g(gk)-module has dimension divisible by pC^im s-dim 3e)/2^ where 
3^ = {a; G gk I ^{[x, gk]) = 0} is the stabihser of ^ in gk- 

2.5. For i G Z, set g^{i) :— QA{i)®A^ and put rrik := mA^A^- Due to our assumptions 
on A the elements aji, . . . , a;^ form a basis of the centraliser (gk)e of e in g^ and that 
TTik is a nilpotent subalgebra of dimension d{e) in gk. Set Qx,k '■= f/(0k) ®(7(mk) 
where k,^ = A^ ®^ k = kl^. Clearly, kl^ is a 1-dimensional nik-module with the 
property that a;(l^) — x(a;)l;^ for all x G ntk. Define 

[/(gk,e) := (End,, g;,,k)°P. 
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It follows from our discussion in (2.2) and (2.3) that Qx,k — Qx,a ®a k as modules 
over and Qx,k is a free right module over the A;-algebra 

Thus we may identify C/(0k, e) with a subalgebra of C/(0k, e). Note that the algebra 
U{gf^,e) has k-basis consisting of all monomials ©^^ • • • O*'' with (ii,...,v) e Z^, 
where G)j := Oj (g) 1 G f/ (g^i e) ®a k- Given a polynomial g G . . . , X„] we let 

denote the image of g in the polynomial algebra k[Xi, . . . , Xn] = ^[^i, • • • , Xn] ®a^- 
Since all polynomials Fij are in A[Xi, . . . , Xj], it follows from the relations (2) that 

(4) [e„ e,] = %(ei, . . . , e,) {i<i<j<r). 

Lemma 2.1. The algebra U{Qk, e) is generated by the elements ©i, . . . , 0^ subject to 
the relations (4)- 

Proof. We argue as in the proof of [34, Lemma 4.1]. Let I be the two-sided ideal of 

the free associative algebra k(Xi, .... Xr) generated by all [Xi, Xj] — Wij{Xi, . . . , Xr) 
with I < i < j < r. Let Xi denote the image of Xi of in the factor-algebra U : = 
k(Xi, . . . ,Xr)/I. There is a natural algebra epimorphism tjj: U —>^ U{Qk,e) sending 
Xi to Gj for all i. For A; G Z+ let Ufe denote the k-span of all products Xj-^ ■ ■ ■ Xj^ 
with Ylt^i {^jt + 2) < /c and let U' be the k-span of all monomials X"^^ ■ ■ ■ Xp' with 
{ii,...,ir) G Zi!^. Double induction on k and m (upward on k and downward on 
m) based on the relations (4) shows that U' = U. Since the monomials G)*^^ ■ ■ ■ O*'' 
with {ii,. . . ,ir) G are linearly independent over k, we obtain U = U{Qk,e), as 
required. □ 

Given an associative algebra A we set A^*^ := A/A ■ [A, A], where A ■ [A, A] is the 
(two-sided) ideal of A generated by all commutators [a, b] — ab — ba with a, 6 G A. It 
is immediate from [34, Lemma 4.1] that U{g, e)'^^ is isomorphic to the quotient of the 
polynomial algebra C[Xi, . . . ,Xj.] by its ideal generated by all polynomials Fij with 
i i < j ^ r). Given a subfield of C containing A we denote by &{K) the set of all 
common zeros of the polynomials Fij in the affine space A^. Clearly, the 74-defined 
Zariski closed set £(C) parametrises the 1-dimensional representations of the algebra 
U{g,e). Let £(k) denote the set of all common zeros of the polynomials Wij in A[. 
By Lemma 2.1, the set £(k) parametrises the 1-dimensional representations of the 
algebra f/(gk, e). This has the following consequence: 

Corollary 2.1. // the algebras t/(0k,e), where k = ¥p, afford 1-dimensional rep- 
resentations for infinitely many p G 7r(A), then the finite W -algebra U{Q,e) has a 
1-dimensional representation. 

Proof. Suppose for a contradiction f/(g, e) has no 1-dimensional representations. Then 
£(Q) = 0) where Q denotes the algebraic closure of Q in C. Since Q is alge- 
braically closed, there exists a finite Galois extension K oi Q and polynomials gij G 
K[Xi, . . . ,Xr] such that gijFij = 1. Let 0^- denote the ring of algebraic in- 
tegers of K. Rescahng the coefficients of the gi/s if necessary, we can find hij G 
Ok[Xi, . . . , Xr] such that hijFij = n for some positive integer n. For each 

p G 7r(A) choose ^ G Spec Ok with ^ fl Z = pZ. Since Ok is a Dedekind ring, 
0/^ = Fg for some ]9-power q. Let 

0[Xi,...,X,] (Ox/^)[Xi,...,X,] k[Xi,...,X,] 
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denote the homomorphism of polynomial algebras induced by inclusion ^ k. 
Note that ^{Fij) — W^j and ^pin) is just the residue of h modulo p. As n has finitely 
many prime divisors, we derive that the ideal of k[Xi, . . . , Xr] generated by the ''Fj/s 
coincides with k[Xi, . . . , Xr] for almost all p e As £(k) = for all such p, this 

implies that the algebra t/(0k,e) has no 1-dimensional representations for almost all 
p e 7r(74). Since this contradicts our assumption, the corollary follows. □ 

2.6. Let q\ be the A-module dual to Qa-, so that 0* = q\®a^ and = 0^®^k. Let 
m;4 denote the set of all hnear functions on Qa vanishing on rriA, a free A-submodule 
and a direct summand of q\ (by our assumptions on A). Note that ®a C and 
®A k identify naturally with with the annihilators rri"'" '■— {f & q \ /(ni) — 0} and 
:= {/ e 0^ I /(mt) = 0}, respectively 

For T] e x + m,^ we set := Qx,k/ Ir]Qx,k: where is the ideal of U{gt) generated 
by all — x^^ — r]{xyi with x e Qk- Evidently, is a flk-module with p-character 
X- Note that — Q^^ in the notation of [34, 4.3]. Each 0k-endomorphism O,® 1 of 
Qx,k = Qx,a'S>a^ preserves the submodule /^(5x,k, hence induces a g^-cndomorphism 
of Q^. To ease notation we call this endomorphism 6i. Let f/^(0ik,e) denote the 
algebra (Endg^ Q'^Y^ ■ Since the restriction of rj to nxt coincides with that of X) the 
ideal of U{mk) generated by all x — r]{x) with a; G rrik equals N^,k = ^xA ®a k and 
k^ = k^ as rrik-modules. 

In what follows we require a shght generahsation of [34, Prop. 4.1]. 

Lemma 2.2. The following are true: 

(i) Q1 = C/„(0k) <®Ur,(m) K Qk-modules; 

(ii) Ur,{9t,e) = {UM/UrMN^,ty""\- 

(iii) is a projective generator for and [/^(gk) = Matpd{e) (f/^(gk,e)); 

(iv) the m,onomials 9^ ■ ■ ■Olr with < ifc < p — 1 form a k-basis of Un{Qk, e). 

Proof. Let 1^ be the image of 1^ G Qx,k in Q^- By the universality property of induced 
modules the is a surjection a: Q^^t = U{Qt) ®(7(mk) ^ Ur,{Qk) <^u^{mt) ^x- 
IriQx,k ^ Ker a, it gives rise to an epimorphism a: -» Urj{Qk) ®c/^(tnk) k^- On the 
other hand, is generated by its 1-dimensional C/^(mk)-submodule kl^ = k^. The 
universality property of induced ?7^(0k)-modules now shows that there is a surjection 
a': Uriidk) ®c/^(tnk) ^ Qx' then a is an isomorphism by dimension reasons, 
proving (i). Part (ii) is an immediate consequence of part (i); see [31, p. 10] for more 
detail. 

Suppose TTik n 3^ contains a nonzero element, say y, and write y — 5^j<_i yi with 
Hi £ 0k(O- Let d G Z be such that 7^ and y^ = for i > d. Since G x + i^k ' 
we can write rj = {e + a ,■) for some a G J2i<i 0k(O- As 3^ = (gk)e+a and = (gk)e, 
our choice of d forces yd E mkH 3^. Since (gk)e C X]j>o Sk(0) this is impossible. So 
iTik n 3,j = 0, implying that rrik is an ?7-admissible subalgebra of dimension d{e) in 0k; 
see [31, 2.3 and 2.6]. Part (iii) now follows from [31, Thm. 2.3]. 

By (i) and (ii), the Kazhdan filtration of the module Qx,k indices that on the algebra 
UrjiQk,^) = {Qx,k/ IriQx^k)^"^^ ■ Repeating verbatim the argument from the proof of 
[31, Thm. 3.4(i)] one obtains that the monomials 0^^ ■■■91: with < i/j < p — 1 
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are linearly independent in C/r)(0ik,e). Since dim U^{Qk,^) — by part (iii), these 
monomials form a basis of U^{Qk, e). □ 



2.7. Recall from (2.1) the 74-basis {xi, . . . ,Xr, Xr+i, ■ ■ ■ , Xm} of p^- Set 

X. = I if 1 < i < s, 

* Xr-s+i if s + l<i<m — r + s. 

For a e Zf \ put := X^' ■ ■ ■ X^^"^ and X^ := X^^ ■ ■ ■ X^ , elements of U{qa) 
and [/(flk), respectively. By [34, Lemma 4.2(i)], the monomials X^®!^ with a e Z'^*^^) 
form a free basis of the right U{qa, e)-module Qx,a- 

Lemma 2.3. Let 1^ he the image of 1^ G Qx,^. Q\- For every G x + the 
right C/,,(0ik, e)-module is free with basis ® Ix I < Oj < p — l}. 

Proof. The Kazhdan filtration of the C/(0iij)-module Qx,k induces that on the factor- 
module = Qx,^/ ^vQx,^- k > denote by {Q^)k the kth component of the 
Kazhdan filtration of Q^. Call a tuple a G Z^_,_ admissible if < p — 1 for all i. By 
Lemma 2.2(iv), the monomials 6^ := 91^ ■ ■ ■ 6^'' , where a runs through the admissible 
tuples in Z!j_, form a k-basis of t/,,(0k,e). Using (1) and induction on the Kazhdan 
degree k = ^^^^ ai{ni + 2) of it is easy to observe that 

r (i J = • • • ® i;, + J] 7ij x^^j ® 1^, (mod {Ql)k-i 

|(i,j)|e=fe, |i| + |j|>|a| 

for some 7ij G k. This relation in conjunction with double induction on |(i,j)|e and 
|i| + |j| (upward on |(i,j)|e and downward on |i| + |j|) yields that every x^z^ ® 1^ 
belongs to the k-submodule of spanned by the vectors X^9^(ix) with admissible 

a G Z!^^^^ and b G Z^. Since dimt = p<^i'^)+^ by Lemma 2.2 (i), these vectors are 
linearly independent. The result follows. □ 

Let ttk be the k-span of Xi, . . . , ^^(e) in and put at := ak©3x- -^y assumptions 
on Xr+i, . . . in (2.1) and the inclusion Kcrad/ C 0j<o Sk(^), we have that 

(5) ttk = {x eat] {x, Ker ad /) = 0}. 

The bilinear form ( ■ , ■ ) allows us to identify the symmetric algebra S'(aik) with the co- 
ordinate ring k[x + mt ]. Given a subspace V in we denote by Zp{V) the subalgebra 
of the p-centre Z{Qk) generated by all x^ — x^^ with x G V. Clearly, Zp{V) is isomor- 
phic to a polynomial algebra in dim^ V variables. Let pt denote the representation of 
U{Qk) in EndkQx,k- 

Our next result is, in a sense, analogous to Vclkamp's theorem [42] on the structure 
of the centre of U{gk)- Similarity becomes apparent when one takes for e a regular 
nilpotent element in Qk and observes that in this special case U (gt, e) identifies with 
the invariant algebra [/(flk)*^''. 

Theorem 2.1. The following hold for any nilpotent element e G Qk'- 

(i) the algebra f/(gk,e) is generated by its subalgebras U{Qk^e) and pk{Zp); 

(ii) Pk{Zp) = Zp(ak) and U{gk,e) is a free pk{Zp)-module of rank p"" ; 

(iii) U{Qk,e) = U{Qk,e) (g)k Zp{ak) as k-algebras. 
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Proof, (a) First note that ^p(0k) — -^pC^nk) (8)ik -Zp(ak) as algebras, and Z(mk)nKer 
is an ideal of codimension 1 in Zp{m^. Hence p\{Zp) = pk(Zp(ak)). As the monomials 
x^z^ ® Ix with (i, j) G x form a basis of Qx,k and Zp(ak) is polynomial algebra 
in zf — zf''^ (1 < < s) and — x^J'^ (1 < j < "O^), we have that Zp(ok)nKer pk = {0}. 
It follows that pk{Zp) = Zp(at) = k[x + nr^] as k-algebras. 

(b) Denote by 1; the set of all admissible tuples in Z'_,_ and let denote the tuple 
in I; whose only nonzero component equals 1 and occupies the i-th position. As an 
immediate consequence of (1), for 1 < A; < r we have that 

(6) 0^.(lx) -{4+ E /^iJ ^^'^"'0 ® ^ i^^'^)pin,^2)-l 

l(iJ)le=nfe+2 

for some pfj G ¥p. Also, gr{z^ — zf'^) = gr(^j)^ and gr{x^ — x^^^) = gr(a;j)^ for all 
1 < i < s and I < j < m. On the other hand, [34, Lemma 4.2 (i)] imphes that the 
vectors ® 1^ with a G form a free basis of the right [/(^k, e) -module Qx,k- 
As Qx,k is a Kazhdan filtered f/(gik)-module, straightforward induction on filtration 
degree, based on (6), shows that Qx,k is generated as a Zp(ak)-module by the set 

{Xi0j®l^| iGld(e), j GIJ. 

Let h be an arbitrary element of U{gk, e). Then h{lx) = X](ij)6id( )Xir fhi-^^^K^x) 
for some /ij G Zp{ak)- For every ^ G x + the image of /ij in U^{Qk) is a scalar 
which shall be denoted by ^(i, j). Suppose /a,b 7^ for a nonzero a G ld(e) a-nd some 
b G I,.. Then there exists G x + ^^^h that r]{a., b) 7^ 0. Let h{ri) be the image 
of h in C/,,(gk,e) = (Endg^Q^)°^. Lemma 2.2(iv) implies that h{ri){lx) is a k-linear 
combination of 0\lx) with i G I,.. By Lemma 2.3, the set {X' 1^ | i G ld{e)} is a 
free basis of the right t/,,(0k, e) -module Q^. Since ?7(a, b) 7^ and 6*' is the image 
of O' in Un{Qk, e), it is now evident that h{r)){lx) cannot be a k-linear combination 
of ^'(ix) with i G Ir- This contradiction shows that /ij = unless i = 0. As a 
consequence, the set {6' | i G 1^} generates C/(0k, e) as a Zp(ok) -module. Specialising 
at a suitable 1] E x + ^k and applying Lemma 2.2(iv) one more time we deduce that 
the set {9' | i G 1^} is a free basis of the Zp(ak)-module U{gt, e). 

(c) Our next goal is to show that U (flk, e) = U {g^, e) ■ Zp(ak)- Every 0k-endomorphism 
of Qx,k is uniquely determined by its value at 1^. For a nonzero u G f/(gk,e) write 
■"(Ix) ~ j)|e<n -^iJ ® ^X' where n = n{u) and A; j 7^ for at least one (i,j) 
with |(i,j)|e = n^For A; G Z+ put A\u) := {(i, j) G Z™ x Z; | Aij 7^ & |(i, j)|e = k} 
and denote by A"^^{u) the set of all (a, b) G A"(w) for which the quantity n — |a| — |b| 
assumes its maximum value. This maximum value will be denoted by n' — n'{u). For 
each (a, b) G A"^^^ we have that 

|(a, b) |e - |a| - |b| = YZi {^i + 2)ai + ELi - |a| - |b| > 0. 

Consequently, n{u), n'{u) G Z+ and n{u) > n'{u). 

Put Vt :— {(a, 6) G 'L\ \ a > b}. By the preceding remark, {n{u),n'{u)) G fl for 
all nonzero u G U{Qk,e). It is immediate from (1) and our discussion in part (b) 
that A™^^(efc) = {(efc,0)}, A™^^(pk(^f - ^P)) = {(^6^,0)} for 1 < i < m, and 

A'^^^(pk(^J - zf)) = {{0,pej)} for 1 < j < s. Since Qx,k is a Kazhdan fihered 
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C/(0k)-module, this implies that 

for all (a, b) e Z!J! x and all c e 1^. Since C/(0k, e) is generated as a Zp(aik)-niodule 
by the set {9' | i G I,.}, it follows that for every u E U (gij, e) with {n{u) , n' (u)) — {d, I) 
there exists a k-linear combination u' of the endomorphisms 

u{a, b, c) := nr=i - ^?r' ■ nU P^in - ^fY ■ ©^ (a, b) e Z- x Z;, c e I„ 

with A"'''''(M(a, b, c)) C A^^''[u) such that either n{u - u') < d or n{u - u') ^ d and 
- u') < I. 

Order the tuples in Q lexicographically and assume that u G f/(0!k! ■ ^p(flk) for 
all nonzero u G [/(gt, e) with {n{u),n'{u)) ~< {d,l) (when {n{u),n' {u)) = (0,0) this is 
a valid assumption). Now let u G f/(gk,e) be such that {n{u),n'{u)) = {d,l). By the 
preceding remark, there exists u' = ^(^bc) -^a,b,c ^(a, b, c) with A™^''(?7,(a, b, c)) C 
A™^(ii) for all (a, b, c) with Aa,b,c ^ such that {n{u - u'),n'{u - u')) {d, I). Set 

via, b, c) := u{{0, . . . , 0, ar+i, . . . , a„), b, 0) ■ JJU ©^"^ ' 

Using (6) it is easy to observe that A""^(u{a., b, c)) = A™'^^(v(a, b, c)) and 

(n{u{a., b, c) — v{a., b, c)), n'(ii(a, b, c) — i'(a, b, c))) -< (n{u{a., b, c)), n'(ii(a, b, c)). 

We now put u" := Zl(a,b,c) '^a,b,c ^^(a, b, c), an element of U{Qi^,e) ■ Zp{ak). Because 

{n{u — u"),n'{u — u")) -< {n{u),n'{u)), the equality U{q^, e) = C/(0k, e) •Zp(ak) follows 
by induction on the length of {d, I) in the hnearly ordered set (Jl, -<). 

(d) It remains to show that U (gk, e) = U (g^, e) (8)kZp(ak). We have already mentioned 
that the vectors ® 1^ with a G if^^'' form a free basis of the right C/(gk, e)-module 
Q^^fc. Since Xf and Xf — x]^' have the same Kazhdan degree in C/(gk) and Qx,\ is a 
Kazhdan filtered U (gk)-module, it follows that the vectors 

{nS P^i^i - xfY • ® ix I e c G z;} 

are linearly independent. This implies that U (gk, e) = U (gk, e) ®k -^p(cik) as algebras, 
completing the proof. □ 

2.8. As an immediate consequence of Theorem 2.1 we obtain: 
Corollary 2.2. C/(gk, e)^^ = C/(gk, e)^^ (g) Zp(ak) as ^-algebras. 

Proof. If C is an associative commutative k-algebra, then for any associative k-algebra 
A we have that 

[A ®k C, A ®k C] ■ (A ®k C) = ([A, A] ®k C) ■ (A ®k C) = [A, A] ■ A ®k C. 

Hence (A (8)k C)^*^ = A^^ (8>k C* as k-algebras. In view of Theorem 2.1 the corollary 
obtains by setting A := U{gt, e) and C := Zp{ak)- □ 

We are now in a position to prove the main result of this section. 
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Theorem 2.2. If the finite W -algebra U{q, e) affords a 1-dimensional representation, 
then for p ^ the reduced enveloping algebra U^{Qk} admits irreducible representa- 
tions of dimension p'^^^^ . 

Proof, (a) Suppose [/(g,e) affords a 1-dimensional representation. Tfien £(C) ^ 0. 
Since tfie affine variety £(C) = Specm U (g, e)^^ is defined over Q and Q is algebraically 
closed, it follows that £(Q) ^ 0. Hence &{K) ^ for some finite Galois extension 
K of Q. It follows that there exists d eN such that £ has a point with coordinates in 
Oi^[(i~^], where Ok stands for the ring of algebraic integers of K. If pf d, then there 
is ^ e Spec 0^(0?"^] such that OK[d~^]/^ = Fg, where g is a power of p. Embedding 
¥q into Ik = Fp we see that £(lk) 7^ for all such p. In view of Lemma 2.1 this implies 
that U{Qk, e) affords 1-dimensional representations for all primes p satisfying p\ d. 

(b) Now suppose that p ^ and U{Qk,e) affords a 1-dimensional representation. 
Then Theorem 2.1(iv) yields that the k-algebra C/(0k, e) affords a 1-dimensional rep- 
resentation too; we call it u. By Theorem 2.1(ii), pk{Zp) fl Ker 1/ is a maximal ideal 
of the algebra pk{Zp) = Zp(ak) = k[x + itI|^]- So there exists 77 G x + ^^'^^ ^^at 
Pk{x'^ — — T]{xy) E Ker u for all x G 0k- Our choice of r] ensures that the k-algebra 
C/^(5k,e) := [/(0k, e) ^Zp(at) affords a 1-dimensional representation. On the other 
hand, the canonical projection Qx,k Qx,^/ ^riQx,k — Q\ gives rise to an algebra 
homomorphism p^: C/r,(0k, e) (Endg^Q^)"^ = C^r,(0k,e). As dimt C/^(£|k, e) < p"" 
by Theorem 2.1(ii), applying Lemma 2.2(iv) yields that is an algebra isomorphism. 
As ?7r)(0k) — Matpd(e) (f/T;(0k) e)) by Lemma 2.2(iii), it follows that the algebra [/,,(0k) 
has an irreducible representation of dimension p'^^^^ . 

(c) Let S denote the set of all ^ 0k ^"^^ which the algebra f/^(0k) contains a two-sided 
ideal of codimension p2(i(e)^ jg iinmediate from [35, Lemma 2.3] that the set S is 
Zariski closed in 0^. If ^' = [Kd* g){^) for some g G Gk, then ^7j(0k) = ^$'(0k) 
algebras. Hence S is stable under the coadjoint action of Gk- 

We claim that • ^ C S for all ^ G S. To prove the claim we first recall that 
^ = (a;, • ) for some x G 0k. Let x = Xg + Xn be the Jordan-Chevalley decomposition of 
X in the restricted Lie algebra 0k and put {xs, ■), Cn '■= {xn, , • )> t := iiXs)- 
As p ::§> and Xg is semisimple, I is a Levi subalgebra of 0k. It i G k^, then 
tx — tXs + tXn is the Jordan-Chevalley decomposition of tx. Obviously, ^{t^s) — ^■ 

Put d :— |(dimk 0k — dimk I). It follows from the Kac-Weisfeiler theorem (or rather 
from its generalisation due to Friedlander-Parshall) that U^{gt) = Mat^d (f/^([)) 
and Ut(^{Qk) — Matpd ([/(^(Q); see [31, 2.5], for example. Since p ^ 0, wc have a 
direct sum decomposition I = s © 3(1), where s = [[, [], and induced tensor product 
decompositions U^{1) ^ U^{s) ®k C/?(3(0) and UtS) = Ut^is) ®k Ut^M)- As 3(1) is 
a toral subalgebra of 0k, the reduced enveloping algebra f/^(3([)) is commutative and 
semisimple for every ip G 3(0*- From this it is immediate that U^{i{l)) = Ut^{^{l)) as 
algebras. 

Let L be the Levi subgroup of with Lie(L) — I It acts on s as restricted Lie 
algebra automorphisms. Note that — ^n- As x„ is nilpotent and L is reductive, 
all nonzero scalar multiples of x„ are conjugate under the adjoint action of L. This 
implies that the algebras U^{s) and Ut^{s) are isomorphic. In view of our earlier 
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remarks this shows that Ut^{l) = U^{1) and Ut^{dk) = U^idk) for all i e k^. Our 
claim is an immediate consequence of the last isomorphism. 

(d) Since S is Zariski closed and • ^ C S for all ^ e S, the set S is conical. As 
Uriidk) has a simple module of dimension p^^'^\ we have r/ G S. As i] E x + nxj^ we can 
write = (e + y, • ) for some y = X^j<_i Hi with yi G Qk{i)- There is a cocharacter 
A: ^ such that (Ad \{t)) x = i^a; for all x G 0k(i), J e Z and t G k^. For 
i < -1, set r)i := (y^, •)■ Then rj = X + Ei<-i and {Ad* X{t))r] = i^X + Ei<i ^'^i- 
As S is conical and (Ad* G'k)-invariant, this implies that x + Ei<i ^ fo^ all 

t G k'^. Since S is Zariski closed, this yields x 

Let / be a two-sided ideal of codimension p^'^^'^) in f/^(0ik)- Then Uy^{Q^)/I is a 
^x(0k)-bimodule. Since ®k ^x(Sk)°'' - ^x-x)(Sk ® Sk) as k-algebras, it is 

immediate from [30, Thm. 3.10] that the bimodule U-^{qis)/I is irreducible. But then 
Uxidk)/! — Matpd(e)(k). This shows that U^{Qk) has a simple module of dimension 
pd{e)^ completing the proof. □ 

2.9. We call a representation of U^{Qk) small if it has dimension equal to Gf^)/2 
To prove that every reduced enveloping algebra U^{Qk) has such a representation is a 
well-known open problem in the modular representation theory of Lie algebras; see 
[30, p. 114], [20], [17, p. 110], for example. This problem has a positive solution for 
Lie algebras type A due to the fact that all nilpotent elements in gl^ are Richardson. 
This enables one to construct small representations by inducing up 1-dimensional 
representations of appropriate parabolic subalgebras. However, outside type A the 
problem of small representations is wide open, and in the most interesting cases it 
is impossible to obtain such representations by parabolic induction. Our next result 
solves the problem of small representations for Lie algebras of types B, C, D under 
the assumption that p ^ 0. 

Corollary 2.3. If Qt is of type B, C or D, then the problem of small representations 
for 0k has a positive solution for almost all primes. More precisely, if k — ¥p and 
p ^ 0, then for every ,^ G 0^ the reduced enveloping algebra U^{Qk) has a simple 
module of dimension Gk €)/2 

Proof. If [ Levi subalgebra of gk, then [ = [I, I] © 3(0 and [I, I] decomposes as a 
direct sum of ideals each of which is a simple Lie algebra of type A. B, C, D (one 
should keep in mind here that p ^ 0). In view of the Kac-Weisfcilcr theorem this 
reduces the problem of small representations to the case where ^ = {n, ■) for some 
nilpotent element n G 0k; see [31, 2.5] or [17, p. 114]. Furthermore, it can be assumed 
that n = n 1 for some nilpotent element n G 0. By [24, Thm. 1.2.3(1)], the 
finite W^-algebra U (0, n) admits a 1-dimensional representation (the argument in [24] 
relies on earlier results of McGovern on completely prime primitive ideals; see [27, 
Ch. 5]). Applying Theorem 2.2 we now see that the reduced enveloping algebra 
U({Qk) has a module of dimension p(dimGk-^)/2 ^pj^jg module is irreducible thanks to 
[30, Thm. 3.10]. □ 

Remark 2.1. Applying successively [34, 4.3], Corollary 2.1, [33, Thm. 3.1(ii)], and 
[24, Prop. 3.4.6] one observes that if the problem of small representations for 0k has 
a positive solution for almost all primes, then for every nilpotent orbit C there 
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exists a completely prime primitive ideal I olU (g) such that VA{I) — (here ^^1(7) 
stands for the associated variety of I). 

Remark 2.2. It seems hkely that Corollary 2.3 remains true for all p > 2. To relax 
the assumption on p in the statement of Corollary 2.3 by the methods of this paper 
one would need a more explicit presentation of e) in the spirit of [7]. 

3. Sheets and commutative quotients of finite 1^-algebras 

3.1. Our main goal in this section is to estimate the number of irreducible compo- 
nents of the affine variety SpecmC/(0, e)^^ and determine their dimensions. Since our 
arguments will rely on Corollary 2.3, we have to leave aside some nilpotent orbits in 
Lie algebras of type E7 and Eg. 

Because the field Q is algebraically closed, ail irreducible components of £(C) = 
SpecmC/(0, e)^*^ are defined over an algebraic number field, K say. Let R denote the 
ring of algebraic integers of K. For any maximal ideal p of i? the residue field R/p 
is finite. Denote by k(p) the algebraic closure of i?/p and let ip: . . . ,Xr] — >■ 

(i?/p)[Xi, . . . be the homomorphism of polynomial algebras induced by inclu- 
sion R/p ^ k(p)- Given a Zariski closed set V Q with defining ideal J C 
K[Xi, . . . , Xr] we let p(y) stand for the zero locus of </?( J fl R[Xx, . . . , Xj]) in A^^p^. 

Given an algebraic variety Y we let Comp(y) denote the set of all irreducible 
components of Y . If is a regular function / on F, we write V[f) for the zero locus of 
/in Y. 

Lemma 3.1. For any p ^ there exists a bijection a: Comp(£(C)) ^ Comp(£(k)) 
such that dimc^ = dimkcr(y) for all G Comp(£(C)). 

Proof. Let Vi, . . . , '^^ be the irreducible components of £(C). Since the ^j's are defined 
over K, it follows from [29, Satz XVII], [38, Ch. Ill, Prop. 17] and [37, Prop. 18 
and Thm. 28] that for almost all p e Speci? the affine varieties pi^i), ■ ■ ■ ,pi^q) are 
irreducible and nonempty, that dimc^i = dimtpCyj) for all i, and that p(£(C)) = 

p(yi)u...up(y,). 

Note that A C. S ^R and £(C) = V{Fij). Passing to a finite extension of K 
if necessary, we may assume that all hypersurfaces V{Fij) are defined over K and 
the sets ^^{K), . . . ,'^q{K) are pairwise distinct. By [38, Ch. Ill, Prop. 19], if Zariski 
closed sets Vi and V2 arc defined over K. then p(Vi fl V2) = piVi) H p(V2) for almost 
all p. This shows that p(£(C)) = Hij P(^(^ii)) for almost all p G Spec/2. If 
p = chark(p), then k(p) = k and p(y{Fij)) = V{Wij) for all As a consequence, 

= n^.piviF,,)) = n^jvm,) = £(k) 

for almost all p G Spec 7? (see [14, pp. 28, 30] for a similar reasoning). Since the 
morphism Speci? SpecZ induced by inclusion Z C i? is surjective, we obtain 
that Comp(£(k)) = {p(yi), . . . , p(yg)} for all but finitely many p G 7r{A). As 
p(yi), . . . , pC^q) are pairwise distinct for almost all p and dime = dim^ pC^i) for all 
i, the statement follows. □ 

3.2. In what follows we are going to use the Lusztig-Spaltenstein theory of induced 
nilpotent orbits and the Borho-Kraft theory of sheets in g^; see [26] and [4]. Our main 
reference here is [1]. Although the base field in [1] is assumed to have characteristic 
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0, the results in loc. cit. that we actually need are valid over Ik under the assumption 
that chark is a good prime for the root system of G^; see [26], [1, p. 289], [41, p. 33] 
and [28] for related discussions. 

At some point, we are going to invoke Katsylo's results [21] on sections of sheets. 
The original argument in [21] involved Hausdorff neighbourhoods and holomorphic 
maps, but a purely algebraic proof was recently found by Im Hof; sec [18, pp. 8-14]. 
Since all results of [1] used in [18, pp. 8-14] apply in good characteristic, one can see 
by inspection that Im Hof's arguments are valid in positive characteristic provided 
that (flk) / n [e, Qk] — 0. The latter holds for all p S> 0. 

Prom now on we assume that p » 0. Let F be either C or k and put Qf '■— Qz®zF. 
Then Qp = Lie^Gp) and {gFjGp) is cither (g, G) or (gk, Gk) (depending charF). Let 
If = Lie Lf be a proper Levi subalgcbra of Of and let Oq be a nilpotent orbit in 
Let Qf = U-,F © If © ^+,f be a triangular decomposition of Qf with If © u_,f and 

©u+,i? being conjugate parabolic subalgebras of Qf- Since the number of nilpotent 
orbits in Qf is finite, there is a unique nilpotent orbit d Qf which intersects densely 
with the irreducible Zariski closed set Oo + u_|_^i7'. We say that the orbit is induced 
from (Do, written = Ind^J Oq. It is known that is independent of the choice of a 
triangular decomposition of Qf involving If, which justifies the notation; see [26, [1], 
[41]. If eo e Oo and e e IndfJ Oo, then e is said to be induced from cq. If a nilpotent 
orbit C fli? is not induced from a nilpotent orbit in a proper Levi subalgebra of Qf, 
then is said to be rigid and every x e is called a rigid nilpotent element of g^. 

Theorem 3.1. Let Oq be a nilpotent orbit in a proper Levi subalgebra I of q, and 
= Indf Oq. Let cq e Oq and e e 0. If the finite W -algebra f/([[, [],eo) affords a 
1- dimensional representation, then so does the finite W -algebra U{Q,e). 

Proof, (a) By the Bala-Carter theory, we may assume that [ = Lic(L) is a standard 
Levi subalgebra of q and cq G Iz, where Iz = if] Qz- Let pz = © be a standard 
parabolic Z-subalgebra of Qz with nilradical Uz- By our earlier discussion, we may 
also assume that intersects densely with Oq+u, where u :— Uz(8)zC. Set Cq := eo®l, 
an element of t = Iz ®z k. As explained in [34, 2.5], we may choose eo such that 
dime Oq = dimk Ok^o, where Ok,o := (AdLt) ■ cq. _ 

Since Indf Oq contains a nonempty Zariski open subset of Oq + u and the set 
((AdL(Q)) • eo + ttQ is dense in Oq + u, there is ei e Uq with e := eo + ei e Indf Oo. 
Enlarging A if necessary, we may assume that ei G u^. For p G 7r(A) set e := eo + ei, 
an element of Q^ = Qa ®a k- It follows from [26, Thm. 1.3] that dim^g = dim leo 
and Qe C p, where p = pz <X)z C. Therefore, dim [p, e] = dim [[, eo] + dim u, forcing 
[pQ, e] = [[q, eo] + Uq. Extending A further, we may assume that [Ia, Cq] is a direct 
summand of U and [pA, e] = [Ia, Bq] +Ua- Then [pk, e] = [(k, eo] + Uk for all p G 7r(^), 
implying that (AdP^) ■ e is dense in Ook + Uk (here Pk is the parabolic subgroup of 
Gk with Lic(Pk) = pk). This shows that e G Ind^^ Oo.k for all p 3> 0. Extending A 
even further we include e into an sl2-triple {e, h, /} C Qa and then consider the finite 
VT-algebra U{QA,e) as in (2.3). 

(b) Put ^0 '■= (eo, • ) and ^ := (e, • ), linear functions on [k and 0k, respectively. Note 
that ^ vanishes on Uk and the restriction of { to Ik equals ^o- As [tk, t] is a direct 
sum of simple ideals and U^^X^k) — U^aii^kAk]) ®ik U^oidi^k)), it is immediate from 
Theorem 2.2 that for all p ^ the reduced enveloping algebra U^o{ik) has a simple 
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module of dimension p'^(^o), where d{eo) — (dimOo)/2. Given such a module V we 
regard it as a C/^(piij)-module with the trivial action of Uk and consider the induced 
C/^(0k)-module V :— U^{Qk) '^u^ipu) ^- 1^ follows from the PBW theorem that 

dim V — p'^^^Sk-dirapt . pd{eo) _ ^(dim s-dim [+dimOo)/2 _ ^(i(e) 

Since dimt (Ad*Gk) • C — 2d{e) by our choice of e, Lemma 2.2(iii) entails that the 

algebra U^{Qt^,e) affords a 1-dimcnsional representation. Then so does the algebra 
U (0ik, e) thanks to Lemmas 2.2(iv) and 2.1. Since this holds for allp ^ 0, Corollary 2.1 
yields that the finite VT-algebra U (g, e) affords a 1-dimensional representation too. 
This completes the proof. □ 

Corollary 3.1. Let Oq cin-d be as in Theorem 3.1. If the finite W-algebra C/([l, I], cq) 
affords a 1-dimensional representation, then the enveloping algebra U{g) has a com- 
pletely prime primitive ideal I with VA{I) — 0. 

Proof. Let x = (e, • ), a linear function on g. By Theorem 3.1, the finite VF-algebra 
U{g, e) has a 1-dimensional module, Cq say. By Skryabin's equivalence, the anni- 
hilator / := Ann;7(g)((5x ^u{g,e) Co) is a primitive ideal of U{q); see [39]. By [33, 
Thm. 3.1], the associated variety of / equals 0. By [24, Prop. 3.4.6], the primitive 
quotient f/(g)// is a domain, that is / is completely prime. □ 

Remark 3.1. Corollary 3.1 reduces to rigid orbits the well-known open problem of 
assigning to any nilpotent orbit in a completely prime ideal primitive ideal / of 
U(q) with VA{I) = 0. Closely related results were recently obtained by Borho- Joseph 
through a careful study of the behaviour of Goldic rank under parabolic induction; 
see [2, 4.8 and 7.4]. Our arguments are completely different (and more elementary). 
We recall from the proof of Corollary 2.3 that if all components of the semisimple Lie 
algebra [I, I] are of type A, B, C, D, then [/([[, [],eo) affords 1-dimensional represen- 
tations (this follows from [27, Ch. 5] and [24, Thm. 1.2.3(1)]). 

3.3. The group G\ contains a unique connected unipotent group of dimension d{e) 
with the property that exp ad a; G Ad for all x G trik (since p ^ exponentiating 
nilpotent derivations of does not cause us any problems). Note that LieMt = rrik. 
The group is a characteristic p analogue of the unipotent group M from [16] 
which, in turn, is a special instance of a group Ni for / = 0(— 1)° (the group Ni can 
be defined for any totally isotropic subspace I C 0(— 1); see [13]). 

In what follows we need a characteristic p version of [13, Lemma 2.1]. Let n: Q ^ g* 
be the Killing isomorphism given hj x ^ {x, ■), so that x = i^i^)^ ^^'^ write Sk 
for the Slodowy slice x + fi:(Kerad/) to the coadjoint orbit (Ad* Gk) • X- Since x 
vanishes on [rriktak], the group Ad* Mk preserves the afhnc subspace x + flk- 
Setgk(l)° '■— {x G 0k(l) I (a^-0k(^l)°) — 0}, an s-dimensional subspace of 0(1). Then 

«"'(m^) = 0k(l)°e0,<o0k(i). 

Let Ag G X^(Gk) be the cocharacter such that (AdAe(a;)) ■ x = f^x for all x G 0k(O 
and i G Z and define a rational action pe- — > GL(0k) by setting pg{t){x) :— 
t^(AdAe)(t"^)(x) for all x G 0k- 

Lemma 3.2. (cf. [13, Lemma 2.1]) The coadjoint action-map a: Mk x Sk — > X + tn^ 

is an isomorphism of affine varieties. 
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Proof. As Mk is a connected unipotent group, we have that Mk = A^^^^' as affine 
varieties. Set frik := /«~^(mk). In order to prove the lemma we need to show that the 
adjoint action-map a: Mt x (e + Kerad/) — > e + ntk is an isomorphism. It is easy 
to see that both varieties have the same dimension. 

The differential d(i^ e)Qi : nXk © Ker ad / — > nik is given by x + z ^ [x,e]+ z for all 
X e rrik and z e Kerad/. Since ade is injective on rrik and (Kerad/) fl (Imade) = 
under our assumptions on p, the map d(i is a linear isomorphism. As in [13], we 
define a k^-action on the affinc variety Af^ x (e + rh\) by 

t ■ {g,x) := {Xe{t)-^gXe{t),Pe{t){x)) {t G k^, ^ G Mk, X e nik). 

As in [13, p. 246], we see that this k^-action is contracting and the Zariski closure of 
the set {t ■ {g,x)\t E k^} contains (l,e). Since the morphism a is k^-equivariant, 
we can apply [40, Lemma 8.1.1] to complete the proof. □ 

Remark 3.2. Instead of applying [40, Lemma 8.1.1] we could finish the proof of 
Lemma 3.2 by a more geometric argument outlined in [15, p. 553]. This argument is 
purely algebraic and works in all characteristics. 

3.4. Let £ denote the maximal spectrum of U{Qk,e)'^^. Composing the embedding 
Zp(au) ^ U (0k, e) with the canonical homomorphism U (gk, e) ^ U (0k, e)^*^ we get a 
map k[x + tUk ] —>■ U (gk, e)^^ which, in turn, gives rise to an algebra homomorphism 

P*: k[x + mi] t/(gk,e)-Vnil^(0k,e)^" = k[£] 

(as in (2.7), we identify Zp(ak) with the coordinate algebra k[x+m^]). Let = Ker j3* 

and denote by the zero locus of in x + m^. As U {q^, e) is a finite Zp(ak)-module 

by Theorem 2.1(ii), k[£] = U{Qt,e)^^ /rLilU{Q^,e)^^ is a finite module over k[K^]. So 
P* induces a finite (hence surjective) morphism of affine varieties 

P: l^Y^. 

The group Mk preserves the left ideal f/(0k)A^x,k S'-nd therefore acts on f/(0k,e) = 
(Endgj^ f^(0ik)/f^(0k)A^x.k)°^ algebra automorphisms. Hence Mk acts on U{Q^,eY^. 
As Mk preserves Pk(^p) — k[x + iTix], the map P* is a homomorphism of Mk-modules. 
Thus, both £ and are Mk-varieties and the morphism P is Mk-equi variant. Thanks 
to Lemma 3.2, the action-map Mk x Sk — X + induces an isomorphism 

(7) ^ Mkx(§knyj. 

Proposition 3.1. The following statements hold: 

(1) £ = Mk X £(k) as affine varieties. 

(2) The map P induces a finite morphism /?: £(k) ^ §k H F^. 

Proof, (a) Let £o := /9~^(Sk H F^), a Zariski closed subset of £. Since P is Mk- 
equivariant, we have a natural morphism 7: Mt x £9 — > £. As is surjective, (7) 
entails that so is 7. If p\ is the first projection — >• Mk x (Sk H Y^) Mk, then 
Pi{x)^^{x) G £0 for every a; G £, and the the morphism 

£ — ^ Mk X £0, x^ {pi{x),pi{x)~^{x)), 

18 



is the inverse of 7. Hence £ = x £0 as affine varieties. 

(b) By Corollary 2.2, f7(0k,e)^^ = U{Qk,e)''^ ® Zp{ak). Since Zp(ak) is a domain, 
it follows that lk[£] = k[£(k)] (g) Zp{ak) as algebras. Therefore, .Zp(ak) embeds into 

lk[£]. It also follows that the ideal k[£]Ok of k[£] is radical and its zero locus, V 
say, is isomorphic to £(k). On the other hand, it is evident from (5) that the ideal 
of Zpia^) = k[x + xn^] generated by is nothing but the defining ideal of in 
k[x + m^]. As a consequence, C fi Y^, implying V C £q. 

Now £ = £0 X Mk by part (a) and £ ^ £(k) x by our earlier remarks in this 
part. As Mk ^ A^^''^ and £(k) ^ V, we deduce that there exists a bijection r between 
CompCV) and Comp(£o) such that dimX = dimr(X) for all X e CompCV). As 
V C £0, this yields V = £0 and statement (1) follows. 

(c) Let h be the augmentation ideal of the Hopf algebra k[Mk]. By part (b), we 
can identify k[Mk] (g) k[£(k)] and k[Mk] k[§k n Y^] with k[£] and k[y^], respectively, 
in such a way that Ji := Ii (E) k[£(k)] identifies with the defining ideal of the closed 
subset £0 = £(k) of £. Since f3 is Mk-equivariant, composing f3* with the canonical 
homomorphism k[£] k[£]//i induces an algebra map f3* : k[y^] — > k[£(k)] whose 
kernel equals /i ® k[Sk fl Y^] . Since /? is a finite morphism and Ker j3* identifies with 
the defining ideal of {1} x (§k H Y^) = n Y^, we thus obtain a finite morphism 
p-. £(k) -» Sk n Yy^. This completes the proof. □ 

3.5. In order to obtain a good lower bound on the number of irreducible components 
of £(C) we now need more information the affine variety Sk H K^. 

For d e N, define :— {x E g^l dim (gk)x — d}- When p » 0, the centraliser 
(Qk)x coincides with the Lie algebra of (Gk)a; = Zg^{x) and dim (0k)x = dim (Gk)x for 
all X G 0k; see [19], for instance. Since the set g^j^^ is quasi-affine, it decomposes as a 
union of finitely many irreducible components 0k- The irreducible components of the 
gl^^^s are called sheets of 0k- The sheets are (Ad Gk)-stable, locally closed subsets of 
0k. By one of the main result of [1], there is a bijection between the sheets of 0k and 
the Gk-conjugacy classes of pairs (1, Oq), where [ is a Levi subalgebra of 0k and Oq 
is a rigid nilpotent orbit in [[, []. Borho's classification of sheets remains valid over k 
under the assumption that chark is a good prime for the root system of G; see (3.2) 
for related references. By [4, 5.8], every sheet of 0k contains a unique nilpotent orbit. 
However, outside type A sheets are not disjoint, and when two sheets overlap, they 
always contain the same nilpotent orbit. 

Let [ be a Levi subalgebra of 0k. The centre 3(() of ( is a toral subalgebra of 0k, 
and (0k)z 5 i for all z e 3(1). We denote by 3(Qreg the set of all z e ^(Q for which 
the equality (0k) ^ = I holds; this is a nonempty Zariski open subset of 3(1). For a 
nilpotent element cq G [I, I] define D{l,eo) := (AdGk) ■ (cq + 3(0reg), a locally closed 
subset of 0k. We call !D([, cq) a decomposition class of 0k (this term has to do with 
the Jordan-Chevalley decomposition in 0k). Each sheet S C 0k is a finite union of 
decomposition classes and contains a unique open such class; see [1, 3.7]. Moreover, 
if !D([, Co) is open in S, then Oq '■= (AdL) - cq is rigid in [[, I], the orbit Ind*(Oo) is 
contained in §, and dim(S/G'k) = dim3([). These results, established in [1, 3.2, 4.3 
and 5.6], are valid under our assumption on p. 
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Let C(e) := {G^)er){Gk)f- This is a reductive group and its finite quotient r(e) := 
C(e)/C(e)° identifies naturally with the component group r(c) • — (G'k)e/(G'ij)°5 sec 
[32], for instance. If §(e) is a sheet containing e, then the set X := S(e)n(e + Ker ad/) 
is Zariski closed and connected. Indeed, since e e X, this follows from the fact that 
X is preserved by the contracting action of the 1-dimensional torus Pe(lk^) introduced 
in (3.3). Clearly, X is stable under the adjoint action of C(e). 

Assume for a moment that k = C. In [21], Katsylo proved that the connected 
group C(e)° acts trivially on X and the irreducible components of X are permuted 
transitively by the component group r(e). The action- morphism ip: G^xX — > S(e) 
is smooth, surjective of relative dimension dim (0k)e- By [21], it gives rise to an open 
morphism ip: S(e) — > X/r{e), whose fibres are (Ad G'k)-orbits, such that for any 
open set U C X/r(e) the induced map k[U] — > k[-(/'^^(f/)]*^'' is an isomorphism. 
In brief, ip is a. geometric quotient. Since r(e) acts transitively on Comp(X), it is 
straightforward to see that X/T{e) — Specmk[X]^('^) is an irreducible affine variety. 

A purely algebraic (and rather short) proof of Katsylo's results was given in [18]. 
It is a matter of routine to check that this proof works under our assumption on p. 

Summarising, if !D([, cq) is the open decomposition class in §(e), then e e Ind* Oq, 
the orbit Oq = (Ad L) ■ cq is rigid in [[, [], and 

(8) dim 3(0 = dim §(e)/G'k = dim X^ VX^ e Comp(A:). 

3.6. Let §1, . . . , §t be the pairwise distinct sheets of containing our nilpotent ele- 
ment e. For 1 < i < t set Xj := §j n (e + Kerad/) and denote by X'(lj,ej) the open 
decomposition classes of Sj. Recall from (3.3) the Killing isomorphism k,: Qk 
and put Yi :— K{Xi) = n Sk, where 1 <i <t. 

Proposition 3.2. The following are true for all p ^ 0; 

(i) Y^nSi, C Y,U...UYt. 

(ii) dim £(C) = dim £(k) < maxi<j<( dim 3(1^). 

(iii) If e is rigid, then £(k) and £(C) are finite sets of the same cardinality. 

Proof. If rj eY^, then the definition of f3* in (3.4) shows that the algebra f/^(0ik, e) = 
U (gik, e) ®Zp(ak) affords a 1-dimensional representation. In part (b) of the proof 
of Theorem 2.2 we have shown that this algebra is isomorphic to Ur^{Qk,e). By 
Lemma 2. 2 (iii), the reduced enveloping algebra Ur,{Qk) affords a representation of 
dimension p'^^'^\ Then [30, Thm. 3.10] yields dim3(?7) < d(e). 

On the other hand, our discussion in (3.3) shows that rj = K{e + x) for some 
^ ^ ©j<i 0k(O- Since e lies in the Zariski closure of Pe{k^){e + x) and the centralisers 
of pe{t) (e + x) and e + x in have the same dimension for all t e k^ , it must be that 
dim 3 (77) > r. As a result, e + x & Every irreducible component of containing 
e + X must contain pe{k^){e + x) and hence e. This yields 

Yx ^ Ui<Kt n(x + mi^)), 

from which statement (i) is immediate. Since dim(F^ fl S^) = dim £(k) by Propo- 
sition 3.1(2) and dim £(k) = dim £(C) by Lemma 3.1, statement (ii) now follows 
from (8). When e is rigid, there is only one sheet containing e, namely, the or- 
bit = (AdGk) • e. So (8) implies that X = n (e + Kerad/) = {e} (for X is 
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connected). Then (i) shows that either n = {%} or 1^ fl = 0. By Propo- 
sition 3.1(2) and Lemma 3.1, the sets £(C) and £(lk) are finite and have the same 
cardinahty. □ 

We say that g is well-behaved if for any proper Levi subalgcbra [ of q and any 
nilpotent element cq G I the finite W^-algebra U{[1, l],eo) admits a 1-dimensional rep- 
resentation. Thanks to [27, Ch. 5] and [24, Thm. 1.2.3(1)] the Lie algebras of types 
A^, B^, C^, D^, G2, F4, Eg are well-behaved (in these cases all irreducible components 
of the proper subsets of 11 have type A, B, C, D). 

Proposition 3.3. IfQ is well-behaved and e is not rigid, then Y^r\\ — YiU . . .UYt 
for allp'> 0. 

Proof. Since /? is a closed morphism, we just need to show that j3{E) contains an 
open dense subset of each Y^. By (3.5), the adjoint action-map (/?: G\X Xi — > Sj 
is surjective. As 'D(li,ei) is open in and C(e) permutes the components of Xi 
transitively, the set ip^^{Ti{ii^ei)) is open dense in x X^. Looking at the image of 
(^~^(D(lj, Cj)) under the second projection G^x X^ ^ Xi we observe that the set 

Xr^:= 2)(l„e,)n(e + Kerad/) 

contains an open dense subset of Xi. We are thus reduced to show that for every 
r) e K,{Xl^^) the algebra ^7,,(0k,e) has a 1-dimensional representation. As explained 
in part (b) of the proof of Theorem 2.2 this is equivalent to showing that the reduced 
enveloping algebra t/^(0k) has a module of dimension p'^^^^. Note that k is a proper 
Levi subalgcbra of gt (otherwise e would be rigid in g^). 

As every element of !D([j,ej) is (Ad G'ik)-conjugatc to an element in Cj + 3(tj)rcg! 
no generality will be lost by assuming that rj = rjg -\- rjn, where rjn = (cj, • ) and 
Tjs — {z, ■) for some z e i{k)reg- Since rj — rjg -\- rjn is the Jordan decomposition 
of rj and 3(?7s) = {dkjz = U, applying the Kac-Weisfeiler theorem (as generalised by 
Friedlander-Parshall) we derive that Ur,{Qt) — Matpm^ (C/^([j)), where = (dim gt — 
dim tj)/2; see [31, 2.5], for instance. 

As Urjik) = Urf^{[li, li]) ® ?7^(3([j)) and dim(AdLj) ■ Cj = d{e) — m,, it remains 
to show that the reduced enveloping algebra Ur,^{[li, li]) has a module of dimension 
p(d(e)-TOi)/2 ^Yiis follows from Theorem 2.2 by our assumption on g. □ 

3.7. We are now in a position to state and prove the main result of this section: 

Theorem 3.2. Suppose g is well-behaved and let e be any nonrigid nilpotent element 
of Q. Let §!,...,§( be the pairwise distinct sheets of g containing e. Let D{li, Cj) be 
the open decomposition class of $i and X^ — §i n {e -\- Kerad/), where 1 < i < t. 
Then there exists a surjection 

Comp(£(C)) ^ Comp(Xi) U . . . U Comp(Xt) 

such that for every component o/£(C) lying over Comp(Xj) the equality dim = 
dim 3([j) holds. 

Proof. We may assume that e e g^, that (i, . . . , are standard parabolic subalgebras 

of g, and that G Iz for all i. We then may regard e and as nilpotent elements 

of gik and U^k, respectively. Arguing as in part (a) of the proof of Theorem 3.1, one 
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observes that for p ^ each ej is rigid in [j ^ and e is not rigid in g^. By Lemma 3.1, 
there is a dimension preserving bijection between Comp(£(C)) and Comp(£(k)). 

Let Sk be a sheet of containing e and let D(l, cq) be the open decomposition class 
of §>k- Since I is (AdGk)-conjugate to a standard Levi subalgebra and e G Ind^*" Oq 
for some rigid nilpotent orbit Oq C [1, 1], our discussion in (3.5) shows that there is 
a dimension preserving bijection between the sheets of g containing e and those of 
Qk containing its image in q^. Moreover, every sheet of containing e e 0k has the 
form 

:= n g^;\ l<i<t. 

By our discussion in (3.5), each variety Xj^k := Sj^kn(e + Ker ad/) is equidimensional 
of dimension dim ^{li). To finish the proof it suffices now to apply Theorem 3.3 and 
Proposition 3.1 (ii). □ 

Remark 3.3. In [33, 3.4] the author made the following conjecture: 

1. Every finite VF-algebra U{Q,e) has an ideal of codimension 1. 

2. The ideals of codimension 1 in U{Q,e) are finite in number if and only if the 
orbit (Ad G) • e is rigid. 

3. For any ideal / of codimension 1 in U{g, e) the annihilator of the C/(0)-module 
Qx ®t^(0,e) {U{q, e)//) is a completely prime ideal of U{g). 

Theorem 3.1 reduces part 1 of this conjecture to the case where e is rigid in g, whereas 
Theorem 3.2 and Proposition 3.2(iii) show that part 1 implies part 2. Part 3 was 
recently proved by Losev, who also confirmed part 1 for the Lie algebras of classical 
types; see [24]. As far as I am aware, part 1 remains open for some rigid nilpotent 
orbits in Lie algebras of types F4, Eg, E7, Eg. There are indications that these open 
cases will soon be tackled by computational methods. 

3.8. As an application of Theorem 3.2 we now wish to describe the commutative 
quotient U{g,eY^ for g = gl{N). We are going to use the explicit presentation of 
U{g, e) obtained by Brundan-Kleshchev in [7]. Given a partition n = {qi > ■ ■ ■ > Qm) 
of with m parts we denote by 0(//) the standard Levi subalgebra gl{qi)®- ■ ■®gl{qm) 
of gl{N). Note that the centre of 0t(/ti) has dimension m. 

Let A = {pn > Pn-i > ■ ■ ■ > Pi) be a partition of with n parts. As in [7], we 
associate with A a nilpotent element e = ex E gi{N) of Jordan type (pi,p2, • • • ,Pn)- 
By [7, Thm. 10.1], the finite 1^-algebra U{g, e) is isomorphic to the shifted truncated 
Yangian Ynj{a) of level I :— Pn- Here a is an upper triangular matrix of order n with 
nonnegative integral entries; see [7, § 7] for more detail. It follows from the main 
results of [7] that U (g, e) is generated by elements 

{D^P e U{g, e) I 1 < i < n; r > 1}, 
(9) {E^f^ e U{g, e) I 1 < i < n - 1; r > pi+i - pi}, 

{F^''^ e U{g, e) I 1 < i < n - 1; r > 1}, 

with d[^^ = for r > Pi, subject to certain relations; see [7, (2.4) - (2.15)]. 

Recall from [33, p. 524] that the centre Z[g) of the universal enveloping algebra 
U (g) identifies canonically with the centre of U{g, e) (this holds for for any simple Lie 

algebra g and any nilpotent element e e g). 
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Theorem 3.3. If g — qI{N) and e — e\, then U{q, e)^^ is isomorphic to a polynomial 
algebra in I — Pn variables. 

Proof. If n = 1, then e is regular and I = N. Hence U{q, e) ^ Z{q) ^ C[Xi, ...,Xi]. 
So assume from now that n>2 and denote by df^ , e\^^ , f'f^ the images of Df^ , E^^ , 
F^^^ in [/(g, e)^''. Applying [7, (2.6) and (2.7)] with r = 1 we sec that = f^'^ = 
for all 1 < i < n — 1 and s > 1. By [7, (2.4)], the elements of"^ and Dj'^^ commute 
for all i,j < n and all r, s. 

As in [7], we set := 1 and Di{u) := X]r>o ^t^"^'"^ i element of F„_/(cr)[M~"^], 
and define d'(^ from the equation Di{u) = ^r>o-^i~^''^~^ '■~ ~Di{u)~^. Since 

it is easy to see that Df^ - Df^ is a polynomial in Df'\ . . . , d'C with initial form 
of degree > 2. In particular, Df^ = -1, 5f ^ = ^ and 5f ^ = - of^ofK Let 
d^P denote the image oiof^ in t/(g,e). Since [ej'^ /f ^] = 0, applying [7, (2.5)] yields 

(10) E;=o d^<^+? =0 (1 < J < n - 1, r > - p^- 

Set Po '■— and denote by A' the subalgebra of [/(g, e)^*^ generated by all dj*^^ with 
I < k < pj — Pj-i. We claim that d^'^^ e /l' for all (j, /c) with 1 < j < n and k > 0. 
The claim is certainly true when j + k = 2. Suppose d^^"* G A' for all {j, k) with 
j + k < d and let (i, r) be such that of^'' ^ and i + r — d+1. lfr<pj — Pj^i, then 
4'^'' G by the definition of A', li r > pi — Pi-i, then i > 2, for otherwise Dj-*^^ = 0. 
Applying (10) with j = i — 1 we obtain 

our induction assumption and — 4-i is a polynomial 
in . . . , d["^[^\ the claim follows by induction on d. Since df*^ = 1, we thus deduce 

that the algebra U (g, e)^*^ is generated by Pi + (p2 - Pi) H \- {Pn — Pn-i) ^Pn^l 

elements. 

As a result, there is a surjective algebra map 7 : C[Xi, . . . , X/] — > U{q, eY^. If 7 is 
not injective, then the morphism induced by 7 identifies £(C) = Specm U (g, e)^*^ with 
a proper Zariski closed subset of A[.. Then dim £(C) < /. On the other hand, [22, 
Satz 2.2] says that e is Richardson in a parabolic subalgebra p = [ © u of g = st(iV) 
with [ = 0(A'), where A' is the partition of conjugate to A. In other words, 
(Ad GL(n)) • e = IndJ^^,) {0}. As A' has I parts. Theorem 3.2 then yields dim £(C) > 

dim 3(0(A')) = This contradiction shows that [/(g, e)^^ = CfATi, . . . , AT/]. □ 

Question 3.1. Is it true that for any simple Lie algebra g and any nilpotent element 
e G the algebra [/(g, e)^^ has no nonzero nilpotent elements? 

3.9. Recall from [33, p. 524] that the centre Z{q) of the universal enveloping algebra 
[/(g) can be identified with the centre of [/(g, e) (this holds for any simple Lie algebra 
g and any nilpotent element e G g). In [31, Rem. 2], the author asked whether it is 
true that the centre of any factor- algebra A oi U (g, e) coincides with the image of 
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Z{g,) in A. The aim of this subsection is to show that the answer to this question is 
negative already for A — U{g,e)^^ and g — 0l(4). We keep the notation introduced 
in (3.8). 

The centre of U{g, e) was determined in [8] and [6]. Let Zi, . . . , Zn be the central 
elements of U {q, e) introduced in [6, Sect. 3] and denote hy zi, . . . , zn their images in 
U{q, e)^^. Set Zo = = 1 and define Z{u) := ^io ^iU^-' and z{u) := E^Io 
elements of U{q, e)[u] and U{q, eY^[v], respectively. From the explicit presentation of 
Z{u) given in [6, Sect. 3] it follows that z{u) equals the determinant of the diagonal 
matrix 

diag(uP'di{u), {u - lY^d2iu - 1), ■ ■ ■ , - n + - n + 1)). 

Now suppose N = 4 and A = (2, 2). Then n = 2 and pi = P2 = 2. Combining [8, 
Thm. 3.5] with the equalities f[^^ = e'f^ = 0, r > 1 and df^ = 0, r > 2, it is not hard 

(r) 

to observe that ^2 = for all r > 2. This implies that 

z{u) = {u^ + d'-^^u + df^) {{u - 1)2 + 4'^(m - 1) + rff ) . 

It was mentioned in (3.8) that Jf^ = df^ and Jf^ = c^f^ - 4^'^d\^^ for i = 1,2. The 
proof of Theorem 3.3 shows that U{g,eY^ = C[d^i\df'''], whilst from (10) wc get 
c^S^) + = and Jf^ + S^^d^2^ + = 0. This yields = = -d? and 
4^'* = —df'\ Setting X := d^i^ and Y := df^ we obtain 

z{u) = {u^ + Xu + Y){{u-lf-X{u-l)~Y) 

= {u^ + Xu + Y) ((«' -{X + 2)u+{X -Y+ 1)) 

= u^-2u'-{X^ + X-l)u^ 

+ {X^-2XY-2Y + X)u+{XY-Y^ + Y). 

According to [6], the image of Z{g) in U {g, e) is generated by Zi, Z2, Z^, Z4. Suppose 
for a contradiction that A = U{g,e)^^ coincides with the image of Z{g) in A. As 
X^ - 2XY - 2F + X = (X2 + X) - 2Y{X + 1), we then have the equality 

C[X,Y] = A = C[zi,Z2,Z3,z^] = C[X^ + X,Y{X + 1),Y{X -Y + 1)]. 

It follows that C[X, Y]/{Y) is generated by the image of X{X + 1) in C[X, Y]/{Y). 
Since C[X,Y]/(Y) = C[X], this is impossible, however. This shows that the image 
of Z{g) in U{g, is a proper subalgebra of U{g, e)^^. 

4. Generalised Whittaker models for primitive ideals 

4.1. We denote by L{X) the irreducible g-module of highest weight A G [)*. Recall 
that L{\) is the simple quotient of the Verma module M(A) := U{g) ^uH)®n+) C-ua, 
where Cvx is a 1-dimensional (f) © n+)-module with h ■ vx — A(/i){;^ for all h e i). 
Given a primitive ideal P of f/(0) we write VA(P) for the associated variety of P. 
The affine variety VA{P) C 0* is the zero locus of the (Ad G')-invariant ideal grP 
of S{g) = grU{g). By the Irreducibility Theorem, VA{P) coincides with the Zariski 
closure of a coadjoint nilpotent orbit in g*. By Duflo's Theorem, P — Ann;7(g) L(A) for 
some A e \f . In general, such a A is not unique, but if Annt/(g) L{\) = Ann[7(g) L{X') 
then A' + p = w(A + p) for some w E W (here = (s„ | a e $) is the Weyl group of 
g and p = | X^ae$+ is the half-sum of positive roots) . 
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By [33, Thm. 3.1(ii)], HP — Ann;7(g)(Q^ ®c/{fl,e) ^) for some finite dimensional ir- 
reducible U{q, e)-module V, then VA{d) = 0^, where x = (e, ■ )• ^ years ago the 
author conjectured that the converse should also be true; that is, for every primitive 
ideal P of U (q) with VA{P) = 0^ there should exist a finite dimensional irreducible 
^7(0, e)-module V such that P = Ann[/(g)((5x ®c/(0,e) see [33, Conjecture 3.2]. In 
[34] , this conjecture was proved under the assumption that the infinitesimal character 
of P = Annt/(g) L{\) is rational, i.e. (A, a^) e Q for all a E U. In proving [33. Con- 
jecture 3.2] under this assumption the author relied almost entirely on characteristic 
p methods. 

In the meantime, two different proofs of the author's conjecture have appeared 
in the literature. The first proof, based on equivariant Fedosov quantisation, was 

obtained by Losev; see [24, Thm. 1.1.2(viii)]. The second proof, relying on Harish- 
Chandra bimodulcs for quantised Slodowy slices, was recently found by Ginzburg; 
see [16, Thm. 4.5.1]. 

The main goal of this section is to revisit the proof of [34, Thm. 1.1] and make a 
few amendments sufficient for confirming [33, Conjecture 3.2] in full generality (this 
was announced [34, p. 745]). 

4.2. Given a Lie algebra £ over a commutative ring A, which is free as an A-module, 
we denote by Un{^) the nth component of the canonical filtration of the universal 
enveloping algebra U{L). By the PBW theorem, the corresponding graded algebra 
grC/(£) is isomorphic to the symmetric algebra S{L) of the free 74-module L. Given 
a commutative Noetherian ring R we write dim R for the Krull dimension of R. 

Let J = Annf/(g) Li^ji) be a primitive ideal of U{q) with Vyi(J) = 0^. From now on 
we shall always assume that our admissible ring A contains all elements (/x, a^) with 
q; e n. In this case, M^(/i) := t/(n^){;^ is a g^-stable A-lattice in the Verma module 
M(/i) (here stands for the A-spaJci of the with 7 e n_). 

Denote by M™'^^(/i) the unique maximal submodule of M(/i), so that L{ix) = 
M (n) / M"^^^ {fi) , and let be the image of under the canonical homomorphism 
mIii) L{ii). Put MX''^(/i) := M'^^^'ifi) H MA^fi) and define 

:= MA{^^)/MT''{^^). 
Since Ma{^) is a Noetherian [/(g^)-modulc, so are M™'^^(/i) and L^ifi)- For n G 
put L„(/i) := Un{&)Vf, = Un{n')Vf, and LA,n{lA ■= Un{gA)v^^ = Un{n'X)Vf„ and let 

grL(/i) = 0„>g L„(/i)/L„_i(/i) and grLyi(/x) = 0„>o LA,n(/u)/^A,n-i(yu) 

(here L_i(/i) = LA-iilJ^) = 0). Note that grL(/i) and grLA(/i) are generated by 
= gVQVf, as modules over S{q) = grU{Q) and S{qa) = grU{QA), respectively. 
We now define 

d := Ann5(g) gr L{ii) = Ann5(g) v^, and Sa := Ann5(g^) gr L{ii) = Ann5(g^) v^. 

These are graded ideals of S{g) and S{qa), respectively. Put 

Ji:^S{Q)/3 and JIa S{QA)/dA. 

The zero locus of the ideal d C S{q) in q* is called the associated variety of L(//) and 
denoted by VqL{h). By a result of Gabber, all irreducible components of the variety 
VgL{fj,) have dimension d{e); see [34, 2.2] for more detail. In particular, dim = d{e). 
Since 3^ = 0„>o ^{n), where Jl{n) = L„(/x)/L„_i(/x), is a graded Noetherian algebra 
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with 3^(0) = C, we have that d{e) — dim = 1 + deg Poi{t), where Poi{t) is the 
Hilbert polynomial of see [12, Corollary 13.7]. 

First we note that = ©n>o -^Ain) is a finitely generated graded A-algebra and 
all OiAin) = LA^n^lAI ^A,n-i{lA finitely generated A-modules. Also, A C C is a 
Noetherian domain. If 7^ & e A, then standard properties of localisation [5, Ch. II, 
2.4] yield that dA[b-^ ^3®a A[h~'^] and 

= S{QA[b'^^)/^A[b-^ = {S{Qa) ®A A[h-^]) / {^A ®A A[h-^]) ^ ®^ A[h-\ 

Denote by F the quotient field of A. Since "Jlp '■= '^a ®a is a finitely generated 
algebra over a field, the Noether Normalisation Theorem says that there exist homoge- 
neous, algebraically independent yi, . . . ,yd E ^p, such that "Jlp is a finitely generated 
module over its graded polynomial subalgebra F[yi, . . . see [12, Thm. 13.3]. Let 
Vi, . . . ,vd be a generating set of the F [7/1, ... , 7/(i]-module ^if and let Xi, . . . , Xm' be 
a generating set of the A-algebra "Ji. Then 

Vi ■ Vj = Ylk=i vljivi^ • • • ' yd)vk (1 <id < D) 

= Ef=i • • • > yd)vj (1 < i < m') 

for some polynomials p^-^ qij G F[Xi, . . . ,Xd]. The algebra ^a contains an F-basis 
of "Jlp- The coordinate vectors of the Xj's, ?/i's and fj's relative to this basis and the 
coefficients of the polynomials qij and p^j involve only finitely many scalars in Q. 
Replacing A by A[6"^] for a suitable ^ b e A ii necessary, we may assume that all 
yi and Vi are in JIa and all p^ j and qij are in A[Xi, . . . , Xa]- In conjunction with our 
earlier remarks this shows that no generality will be lost by assuming that 

(11) ^A = A[yi, . . . , ya]vi H h A[yi, . . . , yd]vD 

is a finitely generated module over the polynomial algebra A[yi, . . . ,yd]. We may 
assume without loss that D\ is invertible in A. 

Lemma 4.1. There exists an admissible ring A G C such that each graded component 
^A{n) of^A is a free A-module of finite rank. 

Proof. Since "JIa is a finitely generated A[yi, . . . ,y(i]-module and ^4 is a Noetherian 

domain, a graded version of the Generic Freeness Lemma shows that there exists a 
nonzero a E A such that each (iR^(n)) [a~"^] is a free A[a^-'^]-modulc of finite rank; 
see (the proof of) Theorem 14.4 in [12]. Since it follows from [5, Ch. II, 2.4] that 
(3?A(?^))[a~''^] = Cl?yi[a-i](n) for all n e Z_,_, the result follows. □ 

4.3. Denote by Lp{fi) the highest weight module La{ij)®aF over the split Lie algebra 
where F — Quot(A). Since L(/x) = Lp{iJ,)i^F^, each subspace 3r\Un{Q) is defined 
over F. It follows that the graded ideal 

grJ = e„>o (Jn[/„(0))/(anc/„_i(0)) c5(0) 

is defined over F as well. Hence, for every n G Z+ the F-subspace 5'"(gi?) fl gr J is 
an F-form of the graded component gr„J C S"'{q). Since S{g) is Noetherian, the 
ideal gr!J is generated by its F-subspacc gr^py '■— grJ n ®k<n' ^^(Qf) for some 
n' — n'{ij) G Z+. From this it follows that J is generated over U{q) by its F-subspace 
'^F,n' '■— Un'iQp) n J. Since J is a two-sided ideal of U{q), all subspaces 3 n Unio) 
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and gr^ J are invariant under the adjoint action of G on [/ (g) . It follows that the F- 
subspaces gr and arc invariant under the adjoint action of the distribution 
algebra Up '■= Ui ®z F. Since [)x := () H is a split Cartan subalgebra of Qf, 
the adjoint 0i?-modules gr3F,n' and 'JF,n' decompose into a direct sum of absolutely 
irreducible g^-modules with integral dominant highest weights. Consequently, these 
0ir-modules possess Z-forms invariant under the adjoint action of the Kostant Z-form 
Uz] we call them grJ^.n' and "J^y- 

Let {ijji I i G /} be a homogeneous basis of the free Z-module gr !Jz,n' and let 
{ui I i G /} be any basis of the free Z-module !Jz,n'- Expressing the Ui and ipi via the 
PBW bases of [/(Sf) and S{gF) associated with our Chevalley basis "B involves only 
finitely many scalars in F. Thus, no generality will be lost by assuming that all ipi 
are in ^(g^) and all Ui are in f/(g^). 

Let K be an algebraically closed field whose characteristic is a good prime for the 
root system Let Qk — 'S'z K and let Gk be the simple, simply connected 
algebraic A'-group with hypcralgebra Uk '■= Uz ®z K. Let ?sr(g) and y^^gx) denote 
the nilpotcnt cones of g and qk, respectively. As explained in [32] and [34, 2.5], there 
are nilpotent elements Ci, . . . , G gz such that 

(i) {ci, . . . , et} is a set of representatives for !N(g)/G; 

(ii) {ei eg) 1, . . . , Ct ® 1} is a set of representatives for y^{QK)/GK; 

(iii) dimc(AdG)ej = dim^ (Ad G'i^)(ej 1) for all i < t. 

For 1 < i < t set Xi '■= (cj, ■ )• As in [34], we assume that e = for some k < t and 
0(ej) C 0(e) for i < k. Since 'V>A(J) is the zero locus of grU and gr J is generated by 
the set {ipi I i G /}, we have that 0(x) = diei ^(V^*)- follows that the ipi vanish 
on all Xj with j < k. Since all tpi are in S^Qa), all ej are in qz, and the form ( • , • ) 
is A- valued, we also have that ipi{xj) ^ ^- Localising further if necessary we may 
assume that all nonzero ipi{xj) are invertible in A. 

4.4. Now suppose that A satisfies all the conditions mentioned above. Take p G ^{A) 
and let z/: A ^ ¥p be the algebra homomorphism with kernel ^ G Specm A. Write k 
for the algebraic closure of Fp and set L<;p{fi) := L^(/i) ^a^; where it is assumed that 
A acts on k via u. Clearly, L<;p{ij,) is a module over the Lie algebra gk = % ® ® ' 
where := n='= ®a k and i)^ :— i)A ®a ^- Furthermore, := (8) 1 G L^{lj) is a 
highest weight vector for the Borel subalgebra l)k©nt of gk, and Lt^^^jj) = U{n^) -v^j,. 
Denote by Ji the f)k-weight of v^. Since /u(/i„) G A for all a G H and v{a) G Fp for all 
a G A, we have that Jx(ha) G Fp for all o; G H. 

Recall the notation and conventions of Section 2. Similar to [34, 3.1], we now set 
/(p(/i) :— {z & Zp \ z • — 0}, an ideal of the p-centre Zp of C/(gk), and denote by 
l^(yu) the zero locus of /«p(/u) in g^. It is immediate from the preceding remark that 

G /«p(/i) for all 7 G and hP^ — ha& ^^ilA o; G 11. Consequently, 

(12) V^{^x) C {,7 G g^ ] 77(f)0 = ^(n^) = 0}. 

As the C/(gk)-module Ls;p{ii) is generated by v^, we have that I<:p{iJ^) ~ Ann^^ L^{ii). 
Given G g^ we set L^{^) := Ls:^{ii)/I^ ■ L(p(/x). By construction, L^^n) is a gt- 
module with p-character 77. It follows from (12) that every ^ G V«p(/x) has the form 
^ = (x, • ) for some x G n^. 
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Lemma 4.2. IfrjE V«p(//), then L^in) is a nonzero Ur^{Qk) -module. 



Proof. Replace Lp{ii) by Ivsp(/i) and /p(/x) by and argue as in the proof of [34, 

Lemma 3.1]. □ 

Set L^,n{^J) ■■= Un{Qk)Vf, and grLqj(/i) := 0^>o Lqj,„(/i)/Lq3,n_i(/i), where n G Z+. 
Note that grL(p(^) is a cyclic S'(gk)-module generated by = grgt;^. Also, 

We put a<p := Anncj(g^) gr L<p(/x) = Ann5(g^) and 3?<p := S{gt)/d<:p, and denote by 
VgL(p(/i) the zero locus of 0sp in Specm S{gt) = g^. Since is a highest weight vector 
for l)k © n,^, all hnear functions from 'VgLip(/i) vanish on J)k © n,^. 

By Lemma 4.1, all graded components 3?A,n — -^A,n(A*)/-^A,n-i(A*) of are free 
A-modules of finite rank. From this it is immediate that so are the A-modules 
and 3^(p = k as graded k-algcbras. Comparing the Hilbert polynomials of 

!J{ = OIa ®a C and IR«p = JIa ®a k we see that dimCRsp = dimD^ = d{e); see [12, 
Corollary 13.7]. As a consequence, 

(13) dim^ VgLfp(yu) = dim3^(p= d{e). 

Recall from (11) the generators Vi, . . . ,vd of the A[yi, . . . , y^] -module 51 a- Since 
Jl — JIa ®a C, the above discussion also shows that d — dim — d{e). We stress 
that D — D{ii) depends on but not on 

Lemma 4.3. For every rj e qI we have that dimkL^(/i) < Dp'^'^^\ 

Proof. Repeat verbatim the proof of Lemma 3.2 in [34]. □ 

4.5. Since D\ is invertible in A, we have that p > D lor all p G t^{A). As before, we 
identify 0ik with by using the Gk-equivariant map x \^ {x,-). Then V«p(/i) C n,^; 
see (12). The p-centre Zp{y\) = ZpnU{n^) of U{n^) is isomorphic to the polynomial 
algebra in eP, where 7 G $~, hence can be identified with the subalgebra 5'(n,^)^ of 
all p-th powers in <5'(%). Therefore, we may regard /<p(/i) H Zp{n^) as an ideal of the 
graded polynomial algebra S{n^y — k[e^ \ 7 G $~]. It follows from our discussion in 
(4.4) and the above identifications that 

(14) y<p(//) = y(7<p(//) n Zp{n^)) n n+. 

Let gr(/(p(/i,) n Zp{n^)^ be the homogeneous ideal of 'S'(n,^)^ spanned by the highest 
components of all elements in /fp(//) fl Zp{n^). Prom (14) it follows that the zero 

locus of gr(/(p(|u) n Zp{n^)^ in coincides with K(V(p(;u)), the associated cone to 
V(p(/x) (associated cones are defined in [4, §3], for instance). Since /(p(/i) fl Zp{n^) is 
contained in Ann^^ v^, all elements of gr(Jfp(yu)nZp(n^)) annihilate grp-u^ G grLsp(/x). 
Then gr(/q3(/x) H Zp{n^^)) C a<p n 5'(nt ), which yields 

(15) V,LM = ^(a«p n SM) n n+ C K(l-qj(/.)). 

Theorem 4.1. Under the above assumptions on A, the variety V«p(/i) contains an 
irreducible component of maximal dimension which coincides with the Zariski closure 
of an irreducible component of fl (Ad Gk)e. 
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Proof. This is a slight generahsation of [34, Thm. 3.1]. In view of (15) and (13) one 
just needs to replace V^(/u) by Vfp(/x), 'VgLp(/x) by 'VgL(p(/x) and 2p by Jtp, and repeat 
the argument used in [34]. □ 

Recall from (4.3) the generating set {ui | i € /} of the primitive ideal J. By 
construction, Ui G U{qa) for all i and the A-span of the Mj's is invariant under 
the adjoint action of Qa- Let Ui be the image of Ui in t/(0k) = U{qa) ®a k- Clearly, 
the k-span of the UiS is invariant under the adjoint action of g^. Let ip^: U{qa) ^ 
Qx,A = U{gA)/Nx,A be the canonical homomorphism, and denote by the induced 
epimorphism from U^lQk) onto Q^; see (2.2) and Lemma 2.2(i). By Lemmas 2.2 and 

2.3, there exists a finite subset C of Z'^^^ such that 

(16) cpxim) ^ J2 ^''Kci^x) {hi,ceU{gA,e), iel). 

cec 

On the other hand, it follows from Lemma 2.1 that the k-algebra ^7^(0ik,e) is a 
homomorphic image of the k-algebra t/(0ik, e). Let hi^c denote the image of hi^c ^ ^ 
in ?7^(0k,e). From(16) we get 

(17) ^xiu,) = Yl ^''hcih) (Vi e /). 

Put c := maxcgc From now on we shall assume that c! is invertible in A. This 
will ensure that the components of all tuples in C are smaller that any prime in tt{A). 

Proposition 4.1. Under the above assumptions on A, for every ^ G SpecmA with 
A/'^ = ¥p there is a positive integer k = k{'^) < D = D{fj,) such that the algebra 
Uxidk, e) has an irreducible k- dimensional representation p with the property that 
p{hi,c) — for all c & C and all i & I. 

Proof Let ^ G SpecmA be such that A/^ ^ ¥p. By Lemma 4.2 and Theorem 4.1, 
there exists g E Gk such that L^^{fj,) ^ 0, where g-X — (Ad* (7)x- By [30, Thm. 3.10] 
and Lemma 4.3, every composition factor V of the gt-module L^'^(^) has dimension 
/^pa!(e) ^Qj. some k = k(y) < D. Since Ui G Ann^(g^) La{i^) for all i E I, the elements 
Hi G t/(Sk) annihilate Lp{n) = La{ij) ®Ak. Consequently, all Ui annihilate L|j'^(/x) = 
^^{f^) / x-^vil^) ^ and hence V. 

Since (Ad g){Ix) = Ig-x-: 9' ^(Sk) ~^ ^(Sk) gives rise to an algebra 

isomorphism Ux^Qk) Ug.xiQk)- Let V = {v' \ v G V}, a vector space copy of 
V. Give V' a gt-module structure by setting x ■ v' := {{Adg)~^x ■ v)' for all a; G 
and v' G V . Since all elements {{K(ig)xY — {{K(lg)x)^^ — x(a;)^l annihilate V, the 
gij-module V has p-character x- Furthermore, all elements {k(\.g)ui annihilate V . 
The Z-span of {ui | i G /} is invariant under the adjoint action of Ui on ?7(gz); see 
(4.3). Since Ui ®i k is the hyperalgebra of G^, the k-span of the u.is is invariant 
under the adjoint action of on t/(gk). In conjunction with our preceding remark 
this imphes that Ui G Ann;7(g^) V for all ^ G /. Let 

= {v' EV \ X ■ v' = xi^W ^ ^ ^k}- 

Since UxiQk,^) = (f/^(gik)/f/xA^;^,ik)^'^"^ by Lemma 2.2(ii), the algebra f/^(gik,e) acts 
on Vq. Since rrik is a x-admissible subalgebra of dimension d{e) in gk, it follows from 
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[31, Thm. 2.4] that Vq is an irreducible /c-dimensional U^{gk, e)-module. We let p 

stand for the corresponding representation of C/^(0k,e). 

Denote by V" the [/^(0ik)-module ®Ux(sk,e) Vq and let v[, . . . ,v'^ be a basis of 
Vq. It follows from Lemma 2.3 that the vectors (8) Vj with < < p — 1 and 
i < j < k form a basis of V" over k. Since V is an irreducible 0k-module, there 
is a giij-module epimorphism r: V" ^ V sending i>' (g) 1 to v' for all v' e Vq. Since 
dimk V^' = kp^^'^\ the map r is an isomorphism. Let p stand for the representation of 
[/^(0k) in Endkl^". As iV^,k annihilates ® 1 C V", it follows from (17) that 

= p{ui){v'^l) = p{<f^{ui)){v' ^ 1) = Ecec ^''«'P(^i,c)K) 

for all v' e Fq- nonzero vectors of the form (g) p(hi^c){v') with i>' fixed are 

linearly independent by our assumption on A, we see that pijii^c) — for all c G C 
and all i e /. This completes the proof. □ 

4.6. By our discussion in (2.3), there are polynomials Hic G A[Xi,...,Xr] such 
that hi e = Hi c{Qi, ■ ■ ■ , ©r) for all c G C and i & I. Let Jw be the two-sided ideal 
of f/(g,e) generated by the hi^cS. In view of (2) and [34, Lemma 4.1], the algebra 
U (0, e) /J-w is isomorphic to the quotient of the free associative algebra C{Xi, . . . , Xr) 
by its two-sided ideal generated by all elements [X^, Xj] — Fij{Xi, . . . , Xr) with 1 < 
i < j < r and all elements Hc,i{Xi, . . . , Xr) with c G C and / G /. Given a natural 
number c? we denote by the set of all r-tuples (Mi, . . . , Mr) G Mat(i(C)'' satisfying 
the relations 

[Mi,Mj\-Fi,{Mi,...,Mr) = (l<^<j<r) 
i7e,K^i,---,^r) = (cgC, /G/) 

(the monomials in Mi, . . . , M^ involved in Fij{Mi, . . . , M^) and Hcj{Mi, . . . , M^) are 
evaluated by using the matrix product in Ma.td{C)). The preceding remark shows 
that is nothing but the variety of all matrix representations of degree d of the 
algebra U(g,e) /Jw 

Lemma 4.4. The set7r{A) of all primes p such that A/^ = ¥p for some ^ G Specm A 
is infinite for any finitely generated Z-subalgebra A of C 

Proof. By Hilbert's NuUstellensatz, there is an algebra homomorphism ^4 — > Q. Thus, 
in proving the lemma we may assume that ^4 C Q. Then A is a finitely generated 
Z-subalgebra of an algebraic number field K = Q[X]/{f), where / G Z[X] is a 
polynomial of positive degree irreducible over Q. Then A C Z,[b^^][X]/ (f) for some 
6 G Z^. Since b has only finitely many prime divisors, we may assume without loss 
of generality that A = Z[X]/{f) and deg/ > 1. 

Given x G M denote by 7r(a;) the number of primes < a;. If p is a prime, let Np{f) be 
the number of zeros of / in Fp = Z/pZ. As explained in [36], for instance, it follows 
from Burnside's Lemma and Chebotarev's Density Theorem that 

(18) lin> ^ ^ 

tt{x) 



a;— >oo 



Because A = Z[X]/ (/), the set 7r(A) consists of all primes p with Np{f) ^ 0. In view 
of (18) this implies that 1 7r(y4)| = 00. □ 
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4.7. Let Jd be the ideal of CP := C [x^;, \ ^ < a,b < d, 1 < k < r] generated by the 
matrix coefficients of all [Mi, Mj] - Fij{Mi, M^) and Ht,,i{Mi, M^), where 

is the generic matrix {x^ab)i<ab<d' ^^^^ is nothing but the zero locus of 

Jd in SpccmT = A'''^^(C). In particular, as a Zariski closed subset of A'^''^^(C). 
As all Fij and Hcj are in A[Xi, . . . , Xr], the ideal is generated by a finite set 
of polynomials in 7a = A[x[^fj \ 1 < a,b < d, 1 < k < r], say {/i, . . . , f^}- Given 
g e IPa and an algebra homomorphism u: A ^ Fp, we write '^g for the image of g in 
(Pa ®a (A/Ker z/) C 7^ <^a and denote by Md(Fp) the zero locus of "fi, ... //at in 

Proposition 4.2. The algebra C/(g,e)/Jw /ias are irreducible representation of di- 
mension at most D — D{^). 

Proof. We need to show that Md(C) ^ for some d < D. Suppose this is not 
the case. Then gifi + ■ ■ ■ + (^jv/at = 1 for some gi, . . . ,gjq G J". Let B be the A- 
subalgebra of C generated by the coefficients of g'l, ■ ■ ■ ,g'j^f. By Lemma 4.4, the set 
7^{B) is infinite. Take p e 7r(5) and let u: B ^ ¥p be an algebra map such that 
B/Ker u = ¥p. Denote by P the composite 

^ ^^/(Ker z/)Tb ^ Fp[xf^) | 1 < a, 6 < rf, 1 < A; < r] = ® A Fp. 

Since i>(F) = for all F E 7b, we have that "gi 7i + ■ ■ ■ + ''^tv 7iv = 1- But then 
Md{¥p) = for all d < D. Since this contradicts Proposition 4.1, we conclude that 
Md(C) 7^ for some d<D. □ 

We are ready to prove the main results of this section. 

Theorem 4.2. For any primitive ideal J ofU{g) with VA^J) = 0^ there is a finite 
dimensional irreducible U{g,e)-module V such that 3 — Annu(^g){Q^ ®f/(8, e) V)- 

Proof. By Proposition 4.2, there is an irreducible finite dimensional representation 
p: [/(g, e) — > EndF such that Q Ker p. Associated with p is a representation of 
U{q) in End((5x ®Us,e) V); call it p. It follows from Skryabin's theorem [39] and [33. 
Thm. 3.1(ii)] that Ker p is a primitive ideal of U (g) with Vyi(Ker p) — 0^. From (16) 
it follows that 

for all f G K and i G /. Since C Ker p, all p{ui) annihilate 1^®V<ZV. Since 
1^®V generates the g-module ®u{Q,e) V and the span of the Mj's is stable under 
the adjoint action of g, we have that Ui G Kerp for all i G /. Since the Wj's generate 
the ideal J, it must be that J C Ker p. Since the primitive ideals J and Ker p have the 
same associated variety, applying [3, KoroUar 3.6] gives J = Ker p. □ 

4.8. A more invariant definition of the algebra [/(g, e) was given by Gan-Ginzburg 
in [13]. Let = 0j<_i Q{i) and := ©j<_2 0(O) and denote by the Kazhdan- 
filtered g-module U{q) /U{q)N'^, where N'^ is the left ideal of U{q) generated by all 
X — x{x) with X G n'^. Note that is a f/(n^)-bimodule and carries a 
natural algebra structure. By [13], the algebra Q^"^^ is canonically isomorphic to 

e). Denote by and (p-m the canonical projections U{q) and Q^, 
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respectively. The adjoint action of G on [/ (g) gives rise to a rational action of the 
reductive part C(e) = GeC) Gf of the centraliser G^ on Q^. Clearly, the module 
map (p^ is C(e)-equivariant and Lp.^ o (p^ = 99^. 

Recall from (2.1) the Witt basis {z[^ . . . , 2;^, 2:1, . . . , Zg] of 0(— 1) and write Z'^ for 
the monomial ^ • • • z'g" G U{q), where b = (61, . . . , 6s) G Let be the image of 
1 in Q^. Arguing as in [39] it is easy to observe that the monomials X^Z'^[i^) with 
a e if^^^ and b e form a free basis of the right [/(g, e)-module Qx- Note that 
for any /ia,b £ U{q, e) we have that (p^{X^Z'^hs,;i,{i^)) = X^/ia,b(lx) if b = and 
otherwise. 

Lemma 4.5. Let M he any U{g,e) -module and u e Am\u{Q){(^x ®u{s,e) M). Then 
^x(^) = Z)a,b X^Z'^he,,b{ix) for some /ia,b e Annu{g,e) M. 

Proof. Set r2(M) = {(a, b) e Z!^^*^^ x | /ia^b ^ Ann[/(g_e) and denote by VL^^x-iu) 
the set of all (a, b) e $!(«) for which the Kazhdan degree of e [/(g) is maximal 
possible. Suppose Jlmax 7^ and denote bt A(ii) the set of all b e pr2(Jlmax(ii)) for 
which /ia,b ^ Ann[/(g^e) (here pr2 is the second projection if^^^ x Z^ -» Z^). Order 
the elements in Z^ lexicographically and denote by m the largest element in A(ii). 

Let ai, . . . , a; be all elements in lf^^^ for which (aj, m) G f2max('w). 

Set tt' := ni=i(ad-Zi)'"'(M), an element of Ann[/(g)(Q;^ ®t/(0,e) M^. Since a 
Kazhdan- filtered 0-module, we have that fimax(M') ^ ^max(M), while it is immediate 
from the definition of {ai, . . . , a^} that (a^, 0) e f2max(tt') for alH < L Furthermore, 

by our choice of m. Hence {if^ o (p^){u') = ^'^^ kX^'K,,mO-x) + Ea^a,, -^"^^al^x) 
for some /?4 G f/(0,e). As /iai,m ^ Ann[/(g^e) ^ and Aj 7^ for all i < I, we obtain 
u' ^ Ann[/(g) ^u(g, e) , a contradiction. This completes the proof. □ 

Corollary 4.1. Let M be as in Lemma 4-5 and denote by 3m the U {oj-submodule of 
Qx generated by Ann[/(g_ e)M Q "'^ . Then 

Annt;(g)(gx(H)c/(fl,e)M) = (^{A<ig){(p-\3M)). 

geG 

Proof Let I = Annu(g){Qx ®u(g,e) M) and I' = Cl^^^ {Ad g){(p-\3M))- It follows 
from Lemma 4.5 that / C i^~-^(Ja^). Since J is a two-sided ideal of U (g), it is invariant 
under the adjoint action of G. Hence / C /'. On the other hand, /' is a left ideal of 
[/(g) contained in ip~^(3m) and invariant under the adjoint action of G. Therefore, 
/' is (ad g)-stable and annihilates the subspace 1^ (g) M of ®f/(g, e) M (one should 
keep in mind that C m). Since the latter generates the g-module Qx ®u{s,e) 
we deduce that I — I'. □ 

Since C(e) stabihses both and n^, it acts on C/(g,e) = Qx'^'^ as algebra auto- 
morphisms; see [33, 2.1] for more detail. Thus, we can twist the module structure 
U{g, e) X M — > M of any f/(g, e)-module M by an element g E G{e) to obtain a new 
U (g, e)-module, M^, with underlying vector space M and the U (g, e)-action given by 
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u-m — g{u) ■ m for all w e C/ (g, e) and m e M. Since the map (p^ is C(e)-equi variant 
and 5'(3fM) = ^ms, it follows from Lemma 4.1 that 

(19) Ann[,(g)(Q^ ®u{s,e) M) = Ann[/(0)(Q^ (8)[/(g,e) M^) (V^ e C(e)). 

4.9. As explained in [31, 6.2] and [33, p. 524], the centre Z{q) of U{q) maps iso- 
morphically onto the centre of [/(0,e). Thus, we may identify Z[q) with the centre 
of ?7(g,e). Given an algebra map A: Z{q) — C denote by lrr;^[/(0,e) the set of all 
isoclasses of finite dimensional irreducible U (g, e)-modules with central character A. 
As we recalled in (4.8), the reductive part C(e) = Ge H G/ of the centraliser Ge acts 
on C/(g,e) as algebra automorphisms. Since AdG acts trivially on ^(g), the group 
C(e) acts on each set Irr^ U{q, e). 

By [33, Sect. 2], the Lie algebra ge(0) of C(e) embeds into ?7(0, e) in such a way 
that the adjoint action of 0e(O) C [/(g,e) on f/(g,e) coincides with the differential 
of the above-mentioned action of C(e) on ?7(g,e). This implies that twisting the 
module structure [/(g, e) x M — > M of a finite dimensional C/(g, e)-module M by an 
element of the connected component of C(e) does not affect the isomorphism type 
of M . Wc thus obtain, for any c? G N, a natural action of the component group 
r(e) = Ge/G°^ = C(e)/C(e)° on the set of all isoclasses of rf-dimensional t/(g,e)- 
modules. By the same token, r(e) acts on each set Irr^ ^7(g, e). 

Let X be the primitive spectrum of U (g) and denote by the set of all / e X with 
/ n Z{q) = Ker A. Given a coadjoint nilpotent orbit C g* we write Xq for the set 
of all / G X with VA{I) = 0, and set X^ := X^ H Xq. It follows from Theorem 4.2 
that for any algebra homomorphism A: Z{q) C the map 

ipx ■■ Iri-A U (g, e) — > X^(^), [V] i — > Ann[/(g) {Q^ ^ui3,e) V) 

is surjective (here [V] stands for the isomorphism class of a f/(g, e)-module V and 
0{x) = (Ad*G)x). For any finite dimensional irreducible [/(g, e)-modulc M, the 
g-modules ^u(3,e) M^, where g G C(e), have the same annihilator in U{q); see 
(19). Prom this it is immediate that that all fibres of V'a are r(e)-stable. 

In his talk at the MSRl workshop on Lie Theory in March 2008, the author con- 
jectured that r(e) acts transitively on the fibres of ipy, that is, the fibres of ipx are 
precisely the r(e)-orbits in lTTxU{g,e). This conjecture was known to hold in some 
special cases; see [34] and [8]. Very recently, the author's conjecture was proved in 
full generality by Losev; see [25, Thm. 1.2.2]. We would like to finish this paper 
by putting on record the following interesting consequence of Losev's result. For g 
semisimple, it solves an old problem posed by Borho and Dixmier in the early 70s; 
see [11, Problem 2]. 

Theorem 4.3. For any complex semisimple Lie algebra g the primitive spectrum of 
U (g) is a countable disjoint union of quasi-affine algebraic varieties. 

Proof. Let gi, . . . , g*; be the simple ideals of the Lie algebra g. Let / be a primitive 
ideal of g and set Ij :— I U{gj), where 1 < j < k. Since / is the annihilator in 
U (g) of a simple highest weight module, by Duflo's Theorem, it is straightforward to 
see that each Ij is a primitive ideal of U{Qj) and / = Yl'j=i F^^o^^ this it is 

immediate that the primitive spectrum of U (g) is the direct product of the primitive 
spectra of the U (gj)'s. Thus, in proving the theorem we may assume that g is simple. 
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Since there are finitely many coadjoint nilpotent orbits in g*, it suffices to sfiow tfiat 
Xo(x) is a countable union of quasi-affine algebraic varieties. 

The group GL{d) acts on Matrf(C)^ by simultaneous conjugations and preserves its 
Zariski closed subset defined in (4.6). Since GL{d) is a reductive group, the in- 
variant algebra C[Md]*^'"^'^^ is finitely generated and the C-points of the affine variety 
Rd :— Specm(C[M(i]*^^^''^) parametrise the closed GL((i)-orbits in Md- Moreover, the 
morphism Tr^: Rd induced by inclusion C[Md]*^^*''^'' C[M<i] is surjective and 

takes the GL((i)-stable closed subsets of to closed subsets of Rd] see [23, Ch. II, 
3.2], for example. It follows from Procesi's results on invariants of r-tuples oi d x d 
matrices that the closed GL(d)-orbits in JAd are in 1-1 correspondence with the equiv- 
alence classes of semisimple rf- dimensional matrix representations of U{Q,e). Thus, 
the C-points of Rd can be identified with the isoclasses of semisimple d-dimensional 
U (g, e)-modules. 

It is well-known (and easily seen) that the set of all reducible d-dimensional matrix 
representations of U{g, e) is Zariski closed in M^. Since this set is also GL((i)-stable, 
the above-mentioned properties of nd show that the subset Irr^ C Rd consisting of 
the isoclasses of irreducible d-dimensional U {g, e)-modules is Zariski open in Rd- As 
we mentioned earlier, the component group r(e) acts on Rd and preserves its open 
subset IrTd- As r(e) is a finite group, the quotient space Rd/T{e) is an affine variety 
(the coordinate algebra of Rd/T[e) is nothing but the invariant algebra C[i?rf]'"'^^)). 
Furthermore, the quotient morphism 7rr(e) : Rd -» -Rrf/r(e) is open in the Zariski 
topology. Since Irr,^ is open in i?^, the set 7rr(e) (Irfd) = Irr(i/r(e) is open in Rd/T{e). 

Thus, each orbit space h:id/^{^) is a quasi-affine variety. On the other hand, it 
follows from Theorem 4.2 and [25, Thm. 1.2.2] that there is a bijection 

Ud>o (Irrd/r(e)) ^ Xo(x)- 

Since this holds for any coadjoint nilpotent orbit in g*, the primitive spectrum of 
U (g) is a countable union of quasi-affine algebraic varieties. □ 
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